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PREFACE. 

»  -  v  *.  v  »  -i  \  .  -  .  %  i  v  i.  ^ 

r  HE  fubjeB  upon  which  this  little 
1  FraB  is  founded ,  ,as  to  its  ufe- 
H  fulnefsy  needs  no  apology ,  and  I 
have  endeavoured  to  put  it  in  fuch 
a  light ,  as  may  fully  anfwer  the  ends  and 
expeBation  of  the  reader . 

For,  in  the  Jirfi  place ,  1  have  given 
a  very  exaB  table  for  ejlimating  the  pro¬ 
bability  oj  life,  deduced  from  i©  years  ob - 
fervations  on  the  bills  of  mortality  of  the 
city  of  London,  whereupon  the  fucceeding 
.  calculations  are  grounded .  T ben ,  after 

A  2  Jhew- 
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fhewing  how  to  compute  the  values  of  fingk 
lives,  J  lay  down  a  I^emma^  for  the  fake  of 
thofe  unacquainted  with  the  principles  of 
chances ,  by  help  whereof  the  mojl  intricate 
Problems  in  the  fubjetl  are  rejolved.  Next 
the  values  of  annuities  upon  more  lives 
than  one  come  to  be  considered ;  as,  firfly 
for  any  number  of  joint  lives  \  fecondly, 
for  the  longejl  of  any  number  of  lives ; 
thirdly,  for  lives ,  where  the  annuity  ceafes 
upon  the  extinction  of  any  ajjigned  number 
of  them .  Then  I  proceed  to  determine  the 
values  of  reverfions,  firjl,  for  the  longejl  of 
any  number  of  lives,  after  the  longef  of  any 
number  of  other  lives ;  fecondly,  for  any 
tiumber  of  joint  lives,  after  any  number 
of  joint  lives  ;  thirdly,  for  any  number  of 
joint  lives,  after  the  longejl  of  any  number 
of  lives ;  fourthly,  for  the  longejl  of  any 
nu7nber  of  lives,  after  any  number  of  joint 
lives .  Then,  from  thejheorejns  before  laid 
doivn,  is  given  a  Jet  of  tables  for  the  va¬ 
luation  of  annuities,  upon  dne,  two,  or 
three  lives y  according  to  feveral  rates  of 
inter  eft  -x  the  ufes  of  which  are  explained 
in  fuch  a  ?hanner,  as  to  be  underftood  by 
all  who  know  'but  common  drithmetick . 

*  *  Next 
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Next  is  Jhewn  how  to  determine  the 
values  of  SucceJJive  Lives ,  where  the  firji 
pojjejfor  has  a  rights  at  his  deceafe 3  to  no¬ 
minate  his  fuccejjor ,  bis  fucceJJ'or  a 
next  fuccejjor ,  j'o  on.  Then  the  value 
that  ought  to  be  paid  for  renewing  of 
leafes  upon  any  number  of  lives,  together 
with  the  lofs  or  gain  of  the  purchafer  in 
renewing  for  any  ajfgned fum,As  confider  d ; 
as  alfo  how  much  the  rent-roll  of  an  eftate 
ought  to  be  increafed  upon  account  of  fuch 
renewals . 

Then  is  given  a  method  for  finding  the 
values  of  Reverfions,  when  the  expectation 
depends  on  the  chance  of  one  particular 
life  in  pofiejjion  furviving  the  reft. 

.  \ 

Lafily ,  are  laid  down  fome  eafy  practical 
Rules  for  approximating  the  values  of  lives 
without  the  help  of  tables. 

What ,  I  apprehend ,  may  befl  recommend 
this  performance ,  is  the  general ,  yet  fami¬ 
liar  manner  in  which  the  fubjeCt  is  treated , 

there 


vi  The  PR  E  FACE. 

there  not  being  a  Solution  throughout  the 
whole  work y  except  thofe  relating  to  the 
ufe  of  the  tables  that  is  not  univerfaf  ac¬ 
cording  to  any  table  of  obfervations  or  de¬ 
gree  of  probability  of  life  whatfoever  ->  and 
yet  the  conclufions  and  practical  rules  de¬ 
duced  t herefrom ,  arey  for  the  mojl  party 
altogether  as  fmpley  as  could  be  derived 
from  any  hypothefs .  I  mention  hypothefesy 
becaufe  fome  authors  on  this  fubje£ly  with¬ 
out  troubling  themfelves  or  their  readers 
about  obfervations ,  &c.  have  taken  upon 
them  to  prefcribe  methods  of  their  owny  that 
have  neither  foundation  in  experience  nor 
%n  rcafon .  But  tho'  I  cannot  help  blaming 
thcfe  meny  who  would  thus  arbitrarily  ob¬ 
trude  their  own  notions  upon  the  world  for 
infallible  rules}  yet  I  would  not  be  thought 
to  condemn  a7iy  hypothefs  grounded  upon  rea- 
fon  and  matters  of  faBy  becaufe  fuch  are  often¬ 
times  made  ufe  of  to  very  great  advantagey 
of  which  Mr.  De  MoivreY  excellent  bodk 
on  this  Jubjefl  is  an  inflance * 

Having  taken  fome  notice  of  the  defedis 
of  others ,  it  may  not  be  improper  to  en¬ 
deavour 
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deavour  to  obviate  an  objection  that  may  be 
made  to  the  enftiing  work . 

It  is  pojjible  that  the  great  difference 
which  there  is,  in  one  part  oj  life ,  between 
the  value  of  an  annuity  according  to  the 
Breflau  objervations,  and  the following  tables, 
may  tempt fome  ( efpecially  thofe  whofe  intereft 
it  is )  to  quejiion  the  exattnefs  of  the  tables , 
$r  the  objervations  whereon  they  were 
grounded ;  they  may  affirm  that  London 
conffts  of  too  flux  a  body  to  admit  of  any 
certain  meafure  for  the  probability  of  life, 
and  that  the  accounts  publijhed  by  the  com¬ 
pany  of  parijh-clerks ,  are  not  to  be  depended 
on.  But  to  this  I  anfwer,  that  tho  the  conti¬ 
nual  refort  of  people  from  all  parts ,  caufes 
indeed  a  great  increafe  in  the  bills  of  morta¬ 
lity,  it  will  no  ways  influence  the  values  of 
the  annuities  thence  deduced,  if  the  numbers 
of  perfons  coming  up  to  town  at  all  ages,  be 
proportional  to  the  whole  numbers  oj  the  liv- 
ing  of  the  Jdme  ages  ;  and  tho *  this  fuppo- 
Jition  is  not  exactly  true  in  J mall  ages,  yet  as 
experience  fhews  it  to  be  more  nearly  fo  in 
greater,  and  as  the  number  of  perjons  that 
come  to  live  in  town  after  25  or  30  years  of 

age. 
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ge,  is  inconfiderable  with  refpeft  to  the  whole 
ody  of  inhabitants ,  it  is  evident ,  that  the 
*  values  given  in  the  tables  jor  all  ages ,  not 
$fs  than  25  or  30  years ,  can  be  but  little 
ffeCled from  the  caufe  abovementioned .  ’Tis 
rue ,  the  values  for  younger  lives ,  have  not 
suite  fo  good  a  foundation ,  but,  I prefume , 
the  method  1  have  had  recourfe  to  upon  this 
eecafon  is  fuch,  as  is  not  liable  to  any  reafon- 
able  objections  ,  and,  as  to  the  difference  that 
may  arife  from  any  uncertainty  or  error  in 
the  accounts  of  the  pari f -clerks,  it  can  be 
but  very  little ,  be  caufe  if  the  age  happens  to 
be  given  in  a  little  too  high  one  time,  there  is 
the  fame  chance  of  its  being  put  down  as 
much  too  low  another . 


Note.  The  Cut  belonging  to  Lemma  II.  (be¬ 
ing  through  Overfight  there  omitted)  is  inferred 

at  the  end  of  the  Bpok;. 

*  *  *  ■  *  ■ 
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A  nnuities  upon  Lives. 

TH  E  value  of  an  anrluity  for  life, 
depends  upon  the  intereft  which 
money  bears,  and  the  probability 
of  the  life  continuing  a  longer  or 
fhorter  time  •  the  former  of  which  is  gene¬ 
rally  fettled  by  law,  but  the  latter  mart 
be  determined  from  obfervations; 

Of  all  that  has  been  hitherto  offered  for 
eflimating  the  probability  of  the  duration  of 
life,  nothing  feems  deduced  with  greater 
judgment  and  exaCtnefSj  than  the  tables 
publifh'd  by  Dr.  Halley ,  and  Mr.  Smart , 
for  this  purpofe  ;  which,  neverthelefs,  are 
both  liable  to  conliderable  objections. 

The  Doctor's  Table,  being  grounded  on 
obfervations  made  at  Breflan ,  a  place  where 

B  the 
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the  generality  of  people  live  to  a  greater 
age  than  at  London  (as  appears  by  com¬ 
paring  the  bills  of  mortality  here,  with 
thofe  obfervations)  can  be  no  juft  mea- 
fure  of  the  probability  of  life  in  this  place ; 
and  as  to  that  of  Mr.  Smart ,  tho’  it  is  in¬ 
deed  free  from  this  objection,  and  founded 
on  a  very  large  number  of  obfervations,  yet 
the  great  and  continual  afflux  of  people 
from  all  parts  up  to  town,  renders  the.  de¬ 
ductions  from  thofe  obfervations  confider- 
ably  different,  in  one  part  of  life,  from 
what  they  would  otherwife  be ;  and  this 
Mr.  Smart  feems  not,  in  his  table,  to  have 
cc-nfidered,  or  made  any  allowance  for. 

For  thefe  reafons,  tho’  I  had  determined 
to  depend  on,  and  make  ufe  of,  this  laft 
gentleman’s  obfervations,  in  the  enfuing 
pages  (as,  undoubtedly,  the  beft  for  the 
city  of  London ,  and  parts  adjacent)  yet  have 

3  deem’d  it  neceffary  to  make  fome  altera¬ 
tions,  in  the  table  of  the  probability  of  life,, 
from  thence  derived. 

In  doing  this,  I  have  fuppofcd  the  num¬ 
ber  of  perfons  coming  to  live  in  town,  after 
25  years  of  age,  to  be  inconfiderable,  with 
relpedl  to  the  whole  number  of  inhabi¬ 
tants  ;  and  therefore  the  probabilities  of  life,, 
for  all  ages  above  25  years,  the  fame  as  this 
author  has  made  them ;  but  then  have  in- 
creafed  the  numbers  of  the  living,  cor- 
refponding  to  all  ages  below  25  >  fo  that 
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they  may,  as  near  as  poffible,  be  in  the 
fame  proportion  one  to  another,  as  they 
would  be,  were  they  to  be  deduced  from 
obfervations  on  the  mortality  of  thofe  per- 
fons  only,  that  are  born  within  ‘the  bills. 
Which  was  done,  by  comparing  together 
tjie  number  of  chriftenings  and  burials, 
and  obferving,  by  help  of  Dr.  Halley's 
table,  the  proportion  which  there  is  be¬ 
tween  the  degrees  of  mortality  at  London 
and  Brejlau ,  in  the  other  parts  of  life, 
where  the  ages  are  greater  than  25.  I 
{hall  here  fubjoin  the  table,  altered  as 
above,  and  then  proceed  immediately  to 
the  ufes  thereof, 
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A  TABLE  fhewing  the  Proha- 

Note .  The  Numbers  mark’d  X  are  fuppofed  to  die 
called  the  Decrements  of  Life* 


N°.  of  Ages 
Perfons.  cur1. 

N°.  of  Ages 
Perfons.  cur1. 

N°.  of  Ages 
Perfons.  cur*. 

N°.  of  Ages 
Perfons.  curr. 

1280  born 

524—10 

462 - 20 

385— 3° 

410  X 

1 

7  x 

7  x 

9  x 

87c —  I 

517— 11 

455—21 

376 — 3 1 

170  X 

7  x 

7  X 

9  x 

i 

0 

0 

5IO - 12 

448 - 22 

367—32 

6  5  * 

6  x 

7% 

9% 

635  3 

504—13 

441—23 

358 — 33 

35 x 

6  x 

7  x 

9  x 

600 —  4 

498 — 14 

434—24 

349—34 

20  X 

6  x 

8  x 

9  x 

Cn 

00 

O 

1 

Cr, 

492—15 

426—25 

340—35 

16  X 

6  x 

8  x 

9  x 

564—  6 

486 — 16 

4l8 - 26 

33 1 — 36 

13  * 

6  x 

8  x 

9  x 

551 —  7 

480 — 17 

410 — 27 

322—37 

iox 

6  x 

8  x 

9  x 

541—  8 

474—18 

402 — 28 

313— 38 

9  x 

6  x 

8  x 

9  x 

532—  9 

468-^19 

394—29 

304—39 

8  x 

6  x 

9  x 

16  X 

C24 - 10 

462 — 20 

3  8  5— 3° 

294 — 40 
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bilities  of  Life,  from  Obfervations. 

off  yearly,  and  are  what,  in  the  fucceeding  Pages,  are 


N°.of  Ages 
Perfons.  curf. 

N°.  of  Ages 
Perfons.  cur'. 

N°.  of  Ages 
Perfons.  cur:. 

N°.  of  Ages 
Perfons.  curL 

294 - 40 

204—50 

I30 - 60 

69-^70 

10  X 

8  x 

7  x 

5  x 

284 - 41 

196—51 

I23- — 6l 

64—71 

10  X 

8  x 

6  x 

5  x 

274—42 

188 — 52 

1  yj — 62 

59—7? 

10  X 

8  x 

6  x 

5  x 

264—43 

53 

1 1 1—63 

54— 73 

9X 

8  x 

6  x 

5  x 

2  55— 44 

J72 — 54 

105—64 

49—74 

9  * 

7* 

6  x 

4  x 

246—45 

16  5—55 

99—65 

45—75 

9  x 

7  x 

6  x 

4  x 

237—46 

158—56 

93—66 

41—76 

9* 

7  x 

6  x 

3  X 

228 - 47 

1 51—57 

87 — 67 

3^—77 

8  x 

7  x 

6  x 

3  x 

00 

1 

0  < 

or 

144—58 

81—68 

35 — 7  s 

8  X 

7  x 

6  x 

3  x 

212 - 49 

J37 — 59 

75—69 

32—79 

8  X 

7  x 

6  x 

3  x 

O 

.1 

■r\ 

O 

I  30 — 60 

69 — -70 

29 — 8o| 

Now, 
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Now,  in  order  to  {hew  the  ufe  of  the 
foregoing  table  by  an  example,  let  it  be 
required  to  find  the  probability,  that  a  per- 
fon  of  thirty-fix,  lives  30  years  lon¬ 
ger,  or  attains  to  the  age  of  66  years,  look 
in  the  table  againft  36  years  and  66  years, 
and  correfponding  thereto,  you  will  find  the 
numbers  33 1  and  93  refpedtively ;  {hew¬ 
ing,  that  out  of  331  perfons  living  of  36 
years  of  age,  only  93  of  them  arrive  to 
the  age  of  66  :  therefore,  feeing  the  whole 
number  of  perfons  living  at  the  beginning 
of  this  term,  is  to  the  number  remaining 
alive  at  the  end  of  it,  in  the  ratio  of  331 
to  93  ;  the  number  of  chances  that  a  perfon 
of  36  years  of  age  has  to  live  30  years 
longer,  will  be  to  the  number  of  all  the 
chances,  that  he  has  both  to  live  beyond, 
and  die  within  30  years,  in  the -fame  ratio 

of  331  to  93  ;  and  therefore 


93 

33i 


IS 


the 


meafure  of  the  probability  required;  the 
probability  of  the  happening  of  any  event, 
being  always  to  be  confidered  as  the  ratio 
of  the  chances  which  that  event  has  to 
happen,  to  all  the  chances  which  it  has  both 
to  happen  and  fail. 

This  being  under  flood,  fuppofe  it  were 
now  required  to  find  the  value.  of  an  an¬ 
nuity  of  100/.  for  a  life  of  20  years  of 
age,  intereft  at  4  per  cent . 


Becaufb 
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±secaufc  the  prefent  value  of  100/.  due 
at  the  end  of  one  year  (difcount  being  al¬ 
lowed)  is  96.15,  it  is  plain,  that  fo  much 
would  be  the  value  of  the  firft  year's  rent, 
was  the  purchafer  fure  to  receive  it ;  but 
the  probability  of  his  living  one  year,  ap¬ 
pearing  from  the  table  to  be  only  the 

aforefaid  fum  96.15,  in  order  to  make 
a  juft  dedu&.ion  out  of  it,  for  the  contin¬ 
gency  of  his  dying  before  the  end  of  one 
year,  ought  to  be  diminifh’d  in  the  ratio 

of  462  to  455,  or  multiply’d  by 

which  will  reduce  it  to  94.70,  equal  to 
the  true  value  of  the  firft  year’s  rent. 
After  the  fame  manner  may  the  value  of 
the  fecond  year’s  rent  be  calculated  ;  for 
fince  the  probability  of  receiving  this  rent, 

or  living  two  years  is  let  this  be  mul¬ 
tiplied  into  92.45,  the  prefent  value  of 
100/.  to  be  received  at  the  end  of  two 
years,  and  the  product  89.65,  will  be 
the  true  value  of  the  fecond  year’s  rent. 

And  by  a  like  way  of  proceeding,  the 
values  of  the  3d,  4th,  5th,  &c.  year’s 
rents,  to  the  utmoft  extent  of  life,  may 
be  determined ;  and  the  fum  of  all  theie 
will  be  the  required  value  of  the  annuity  > 
which  will  be  found  to  ccme  out  1480/. 
very  near. 


From 
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From  the  fame  method  of  proceeding, 
the  value  of  an  annuity  for  any  other  life 
may  be  determined  5  and  tho’  the  opera¬ 
tions,  requifite  to  this  effect,  are  very  nume¬ 
rous,  yet,  that  being  once  computed,  the 
value  of  the  next  younger  life  may  fronx 
thence  be  eafily  derived ;  for  if  to  the  gi¬ 
ven  value  you  add  one  year's  purchafe,  and 
multiply  the  fum,  difcounted  for  one  year, 
by  the  probability  of  the  youngeft  life  con¬ 
tinuing  one  year,  the  product  will  be  the 
value  required  (as  will  appear  from  Corol¬ 
lary  VII.  of  the  fucceeding  Problem.)  Sup¬ 
pose,  for  example,*  that  the  value  of  a  life 
of  nineteen  were  required  from  the  value 
of  a  life  of  twenty,  as  above  computed  ^ 
then,  the  value  of  the  given  life,  increafed 
by  one  year’s  purchafe,  being  1580/.  the 
fame  difcounted  for  one  year,  at  4  per 
cent .  will  be  1519.2,  which  multiply’d  by 

the  probability  of  a  life  of  nineteen 

continuing  one  year,  gives  1499.8,  for  the 
required  value  of  an  annuity  upon  this 
life. 

Having,  fhewn  the  manner  of  efHmating 
the  value  of  an  annuity  for  any  lingle  life, 
and  laid  down  a  ready  method  of  compu-* 
ting  tables  for  fuch  lives,  according  to  any 
propofed  rate  of  intereft,  by  deducing  each 
value  from  that  of  the  next  older  life,  it 
remains  next  to  confider  the  manner  of 

deter- 
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determining  the  values  of  annuities  granted 
upon  two  or  more  lives ;  but  before  we  en¬ 
ter  upon  this,  it  will  be  neceflary  (for  the 
benefit  of  thofe  unacquainted  with  the 
principles  of  chances)  to  premife  the  fol¬ 
lowing. 


LEMMA  I. 


a  fum  of  money  (S)  depends  upon  two  diffe¬ 
rent  events,  Jo  as  to  be  received.,  if  both 
thofe  events  happen ;  the  probability  of 
receiving  that  Jum,  will  be  equal  to  the 
product  of  the  probabilities  of  the  happen¬ 
ing  °f  the  two  events . 

,  *  **  •*  t 

Let  the  number  of  chances  for  the  hap¬ 
pening  of  one  of  the  events,  be  to  the 
number  of  all  the  chances,  both  for  its  hap¬ 
pening  and  failings  as  a  to  b ;  and  let  the 
number  of  chances,  for  the  happening  of 
the  other  event,  be  to  the  number  of  all 
the  chances,  both  for  its  happening  and 
failing,  as  c  to  d ;  then  it  is  manifeft,  that 

L  x  S,  or  the  given  fum  diminifhed  in 

the  ratio  of  d  to  c,  would  be  the  true  va¬ 
lue  of  the  expectation  upon  this  fum  (con- 
lidered  without  regard  to  time)  was  the 
fame  to  be  received,  or  to  depend  only, 
upon  the  happening  of  the  laft  named  of 

C  the 
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the  two  propofed  events ;  or,  in  other 

Words,  f  x  S,  will  be  the  fum  that  might 

be  taken  as  an  equivalent  in  this  cafe,  for 
the  chance  of  obtaining  the  fum  S.  But 
the  probability  of  the  happening  of  the  firft 
event,  or  of  being  intitled  to  receive  the 

fum  x  S,  as  an  equivalent  being  only 

the  value  of  the  expectation  ;  there¬ 
fore,  as  it  depends  on  both  events,  can  be 
only  the  f  part  of  this  fum,  or  j  x  - 
x  S,  and  confequently  the  probability  of 
receiving  the  fum  S,  only  ~  x  *-f  ,  which 
was  to  be  proved. 

COROLLARY  L 

Hence,  alfo,  may  the  probability  of  receiv¬ 
ing  any  fum  of  money,  depending  on  the 
happening  of  3,4,  &c.  events  be  eafily  de- 

rived :  For  let  j,  j-,  &c.  repre- 

fent  the  probabilities  of  happening  of  fo 
many  different  events ;  and  S,  T,  U,  W, 
&c.  feveral  fums  depending  thereon,  the 
firft  S,  to  be  received  upon  the  happening 
of  the  two  firft ;  the  fecond  T,  upon  the 
happening  of  the  three  firft ;  the  third  U,, 
upon  the  happening  of  the  four  firft,  &c. 

reckon- 


Annuities  upon  Lives.  it 

reckoning  according  to  the  order  in  which 
the  refpective  probabilities  are  placed. 
Then,  feeing  the  probability  of  receiving 

the  firft  fum  S,  is  x  and  that  the  ex¬ 
pectation  on  the  fecond  T,  depends  en¬ 
tirely  upon  the  happening  of  this  event, 
and  that  of  the  aforefaid  order,  whofe  pro¬ 
bability  is  y ,  it  follows  that  ~  x  y  x  y, 

the  product  of  thofe  two,  will  be  the 
probability  of  receiving  the  fum  T.  In 
like  manner,  as  the  expectation  on  the  fum 
U,  depends  upon  the  receiving  of  T,  and 
the  happening  of  the  event,  whofe  proba¬ 
bility  is  the  probability  of  receiving  the 
fum  U,  will  bey  x  y  x  y  x  j-,  Gfc.  whence 

it  appears,  that  the  probability  of  the  hap¬ 
pening  of  any  number  of  events,  is  equal 
to  the  product  of  all  the  probabilities  of 
happening  of  thofe  events,  confidered  fe^ 
parately. 

PROBLEM  I. 

fhe  probability  of  life ,  and  rate  of  interejl 
being  given  to  find  the  value  of  an  an¬ 
nuity  ^  granted  upon  a?iy  number  of  joint 
jives,  that  is,  for  as  long  as  they  Jhall  all 
fQntinye  in  being  together . 
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SOLUTION. 

Let  the  propofed  annuity  be  i  L,  and 
A,  B,  C,  (Sc.  the  lives  upon  which  it  is 
granted,  and  r  the  amount  of  i  L,  in  one 
year,  viz.  principal  and  intereft;  let  the 
probability  of  the  life  A  continuing  i,  2, 

3,  (Sc.  years,  be  reprefented  by  a ,  ay  ay  a, 
&c.  refpedively  j  and  that  of  the  life  B 

continuing  1,  2,  3,  (Sc.  years,  by  by  by  by 
&c.  (Sc.  then  will  the  probability  of  all 
the  lives  continuing,  1,  2,  3,  (Sc.  years,  be 

abcdy  occ.  abcdy  &c.  abcdy  &c.  &c. 
&c.  reipedively,  by  the  Corollary  to  the 
preceeding  Lemma.  Thefe,  therefore,  be¬ 
ing  refpedtively  multiply’d  into  the  terms  of 

the  geometric  progreffion,  A,  gv. 

Ihewing  the  prefent  value  of  1  L  certain, 
to  be  received  at  the  expiration  of  1,  2,  3, 

(Sc .  years,  the  produfts  ~b  c  d'  kc-  —c  d’  ■ 

it  n  n  n 

—  C~i  — , »  &c-  thsnce  arifing,  will  refpec- 

lively  exprefs  the  prefent  values  of  the 
I  ft,  2d,  3d,  (Sc.  year's  rents,  upon  the  con¬ 
tingency  of  one  or  more  of  the  lives  failing, 
in  1,  2,  3,  &c.  years :  The  fum  of  all 

which,  or  — c  d'  &c-  1  £• 

&c.  is,  therefore,  the  prefent  value  of  the 
annuity,  Q.  E.  I.  CO- 

1  .  V  ^ 
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COROLLARY  I. 


Hence,  will  the  value  of  an  annuity 
for  one  lingle  life  A,  be  exprefs’d  by 


/  //  III 

-+-  -  -+-  +  £ ,  &c.  for  two  joint 

11  n  n  in  h 

lives,  A  B,  by  -+■  -77-  ~ 


a 

r 


% 


&c.  and  for  three  joint  lives  by 


b  e 


i  1  1 
a  b  c 


11  11  n 

a  b  c 


+ 


m  mm 

a  b  e 

r * 


,  &c. 


COROLLARY  II. 

r  v 


If  a,  A,  a,  a,  &c.  be  taken  equal  to 

•'  ////// 

a ,  «»,  d3,  &c-  and  &ci 

equal  to  £,  3%  £3,  &c.  &c.  then  will  the 

value  of  the  annuity  be  defined  by  the  geo- 

.  abed ,  &C.  ,  1  bz  c 1  dl,  &C.  f 

metric  progrellion  ■ — - 1 - ~  ~r 


£3  f3  ^3  f  &C. 

*  7?  " 


S?c.  or  its  equal 


abed ,  &c. 

7 — <2 bed,  Sc c. 


COROLLARY  HI. 

Therefore,  if  the  value  of  an  annuity 
for  each  of  the  Angle  lives  be  given,  equal 
to  M,  N,  P,  Q,  &e.  refpedively >  then, 

accord- 
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according  to  the  above  hypothefis,  — — , 
being  =  M,  —■  =  N,  =  P,  &c. 

we  fhall  have  a  =  b  =  £  = 

rP  M+i’  N+i’ 

•jqpp  fifc.  and  ccnfequently  the  value  of 
an  annuity  for  all  the  joint  lives  equal  to 

_ _ r  M  X  r  N  X  r  P  X  r  &c. 

rx  M+i  xN|l  X  P  +  ly&c.—rM  XrNx  rP,&c.* 
upon  a  fuppofition  that  the  probabilities  of 
continuing  in  being  i,  2,  3,  (Sc.  years, 
are  to  one  another,  as  the  terms  of  a  geo¬ 
metric  progreffion,  or  that  the  decrements 
of  life  are  in  a  conftant  ratio. 


COROLLARY  IV. 


But  if  the  probability  of  living  an 
affigned  part  of  time,  be  fuppofed  to  de- 
creafe  continually,  to  the  extremity  of  old 
age,  fo  that  the  terms  of  the  feries  ay 

turn  ' 

ay  a ,  ay  occ.  may  be  refpedtively  expound¬ 
ed  by  thofe  of  an  arithmetic  progreffion. 


m — 1  m — 2  m — 3  m — 4 
m  5  m  5  m  9  m  * 


(Sc.  and  the  terms 


of  the  feries  by  b3  by  by  &c.  by  thofe  of  an 


arithmetic  progreffion,  — l~,  ^-1 , 

7t  It  ft  ft 

(Sc.  (Sc.  then  will  the  value  of  an  annuity, 
upon  all  the  joint  lives,  it  is  manifeft,  be 


I 
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n — 1  p — 1,  &c.  ,  m — 2  n — 2,  &c. 

X - X  - 1 — 7—  X  — - b 

r  m  n  p  rzm  m 

fzrl  x  — &c.  where  m ,  n ,  />,  &c. 

refpedlively  reprefent  the  numbers  of  years, 
which  the  feveral  lives  have  a  chance  to 
continue,  reckoning  to  the  extremity  of 
old  age. 


COROLLARY  V. 


Hence  it  appears  that  the  value  of  an 
annuity,  according  to  this  laft  hypothecs. 


for  one  lingle  life  A  will  be 

m — 2  m — 3 

—  —  ■■  | "  - - 

rzm  r*  m  '  r*m 

m — I  X  n — l 


m — I 


r  m 


-{-  f? — 4,  &c.  for  two  joint 


lives  A  B,  equal  to 


^  ©V.  and  for  three  joint  lives. 


r  m  n 


+ 


m — 2  X  n — 2 
r 1  m  n 


r*  mn 

A,  B,  C,  equal  to 

m — 2  X  n — 2  X  p — 2 
rL  m  np 


m — 1  X  n — 1  X  p — I 
r  m  n  p 

m — 3  X  n — 3  X  p — 3 


-4~ 


+  J  J  &C. 

*  ri  m  n  p  J 

each  feries  being,  to  be  continued  to  a 
number  of  terms  (;//,)  equal  to  the  num¬ 
ber  of  years  included  between  the  oldefl 
life  A,  and  the  extremity  of  old  age. 

But  thefe  feries  may  be  fummed,  and 

will  be  found  equal  to  — 1 


r-j- 


r — I  m  X  r — i  ‘  r — I 


m~\-n — i  X  r- \-rt — m — l  X  rl  m  ^ 


2  r- 


2  t 


i — m 


m  n  X  r —  i 


""  7^ 

m  n  X  r — i 

and 


2 
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and 


r — I 


m  n  p  —  m  —  i  X  n  —  I  X  /» < —  I  X  r 
mnp  X  r — i'* 


r1  m  .  zm+z»+2/~ 
-  -  1 - = 


mnp  X  ** —  I 


7*2 


6  X  r  -f-  4  »z  —  z  n  —  2  p  6  X 


mnp  X  r —  I  * 

I  —  ;w 

+ 


s  i — 7i:  c 

or  —  6r 


mnp  X  r — 1 


mnp  K  r 

refped:ively  ;  which  values,  if 

M  be  put  for  the  value  (  ) 

of  an  annuity,  certain ,  for  m  years,  and 

v  ^or  (tt~)  that  of  the  fame  annuity 
for  ever ,  will  become  v  —  ^ 

‘r'-f-  i  — -  A/r 


n 


X  7Z - 771 - -2V - I  X 


m 


+  2  V, 


and  v  —  x  2  n -j-  2  p — m — 6v — 7 

np  1 

-4-  x  n  . ^  -  1 L 


m 


.  -ix/  — —  ix  — 

nP  m 

<v4- 1  x  2  <i/  ; — 7 - — - —  M 

—  — - -  x  n-\-  p  —  2  m  —  7  v  —  -  "  1 


p  n 


X 


refpedtively  ;  fhewing  the  worth  of  an  annuity 
for  one,  two,  or  three  joint  lives;  upon 
fuppofition,.  that  the  probabilities  of  living 
T>2>3>  &c-  years,  are  to  one  another,  as 
the  terms  of  an  arithmetic  progreffion ;  or 
that  the  decrements  of  life,  from  year  to' 
year,  are  all  equal  one  to  another. 


GO- 
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COROLLARY  VI. 


^  *  A  ■ 

But,  let  the  probability  of  life  be  what  it 
will,  the  required  value  may  be  always  de¬ 
termined  by  help  of  a  table  of  obferva- 
tions,  and  the  general  expreffion  foregoing ; 
for  let  the  number  of  the  living, correfponding 
to  the  age  of  A,  in  the  table,  be  reprefen- 
ted  by  Q^and  thofe  anfwering  to  the  next 

fucceeding ages,  in  the  table*  by  Q 
refpe&ively  $  and,  in  like  manner,  let  the 
number  of  the  living,  anfwering  to  the  age  of 
B,  be  reprefented  by  R,  and  thofe  anfwer¬ 
ing  to  the  next  fucceeding  ages,  by  R,  R,  R,’ 
&c.  &c.  &c.  then  the  probability,  that 
the  life  A  continues  i,  2,  3,  &c.  year s, 

/  //  m 

being  ^  &c.  and  that  of  the 

life  B,  continuing  i,  2,  3,  &c.  years^ 

equal  to-~,  &c.  &c>  we  fhall,  by 

fubftituting  thefe  feveral  values,  inftead  of 
ay  at  &c.  b}  /,  b,  &c.  in  the  general 


111.  n  n  n 

rr  ,  Q.RS ,  &c.  ,  Q_R  S ,  isfc.  , 

expreffion,  have  + 

1/1  111  in  ,  ■ 

Q_R  S,  &c.  pa  1  „  Qf.  S,  (He.  . 

r>  QRS.^fc.'^  ,ov QJCITW7.  x  7 “ 

ji  1/  n  . ,  m  ni  m  , 

Qk  S,  &C.  QR5,  &  C,  r*->  |  .1  j 

^  — — I-  :<= — l — -  &c.  equal,  to  the  va«* 


lire  of  the  annuity. 


D 


CO- 


I 
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COROLLARY  VII. 

% 


Hence,  if  the  value  (P)  of  the  joint 
lives  A,  B,  C,  be  given,  or  once  computed, 
the  value  (K)  of  the  next  younger  lives, 

tit 

A,B,  C,  &c.  whofe  ages  are,  each,  refpec- 

tively,  one  year  lefs  than  thofe  of  A,  B, 

C,  &c.  may  be  eafily  derived  ;  for  let 

Q^R,  S,  &c .  be  the  numbers  found  in 
/  /  / 

the  table  of  obfervations,  againfl:  thofe  next 
younger  ages ;  then,  for  the  very  fame  rea- 


fons  that 


iii  „  .  nun 

Q.RS,  &c.  QRS,fcfr. 

rQJRS,  &c.  raQR  S&c* 


&c.  is  = 


*D  /L^n  QJk_S,  &c.  ,  Q_R  S,  &c. 

r>  maiVQRS,  ■*  r*QRS,  &c.9 
n  1  111 


&c.  be  = 


K :  Wherefore,  multiplying  the  former 
equation  by  QjR  S,  &c.  and  the  latter  by 
rQRS,  &c.  and,  taking  one  from  the 

other,  we  have  QR  S,  &c.  —  rKQR  S,£?r. 

rr  / 


^PQRS,  &c.  and  confequently  K  = 
T+PxQRS,^.  _  ;  _L'  p  v  QJRS,  fsv. 

rQR  S,  &C.  rQR  S.  (s'c. 

Ill  III 


COROLLARY  VIII. 

Laftly,  from  Coroll.  IV,  V,  and  the 
given  value  (P)  of  the  joint  lives  A,  B,  C, 
&c .  the  value  of  an  annuity  upon  an  equal 

number 
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number  of  other  joint  lives  A,  B,  C,  &c . 
refpedtively,  younger  than  the  former,  by 
any  number  of  years,  during  which,  the 
decrements  of  life  may  be  eileemed  equal, 
may  be  readily  determined.  Let  s  be  the 
propofed  number  of  years,  or  the  common 

difference  between  the  ages  of  A  and  Ay 

B  and  B,  C  and  C,  &c.  and  w  (=7.  ) 

the  prefent  value  of  1  L,  due  at  the  end  of 
s  years ;  let  the  number  anfvveiing  to  each 
of  the  ages  A,  B,  &c.  be  taken  from  the 
table  of  obfervations,  and  divided  by.  the 
preceding  decrement,  and  let  the  quotients 
(z/z,  77,  &cc.)  be  confidered  as  the  comple¬ 
ments  of  thofe  ages,  to  the  extremity  of 
old  age,  and  let  (S)  the  value  of  an  an-* 
nuity,  anfwering  to  thofe  complements, 
by  Coroll.  V.  be  accordingly  found. 

Moreover,  having  added  s  to  each  of  the 
faid  quotients,  and  taken  the  fums  (ttM-x 
72+ j,  &c.)  thence  arifing,  as  the  complex 

ments  of  the  ages,  A,  B,  C,  &c»  to  the  extre¬ 
mity  of  old  age,  let  (T)  the  value  of  an 
annuity  anfwering  to  thefe  complements, 
in  the  fame  manner,  be  alfo  found.  Then 
it  will  follow,  from  what  has  been  laid 
down  in  the  forementioned  Corollaries,  that 


T+P—  S  x 


w  m  k,  &c. 
»+/  X  *+■*> 

D  2 


will  exprefs  the 

value 
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value  of  an  annuity  upon  the  joint  lives, 

Thefe  two  laft  Corollaries  will  be  found 
very  ufeful,  in  computing  tables  for  the 
valuation  of  annuities  upon  one  fingle  life, 

or  3>  or  more  joint  lives,  as  deducible 
from  real  obfervations ;  and  I  have  infilled 
more  largely  on  this  propofition,  becaufe 
the  moll  intricate  questions  in  the  fubjedt, 
may  be  referred  to  it,  and  readily  folved  by 
h*  lp  of  tables  fo  computed  $  as,  in  the 
fucceeding  propofitions,  will  be  made  to 
appear. 


PROBLEM  II. 

Whe  fame  things  being  given  as  in  the  laft 
Propofition  j  to  find  the  value  of  an  an¬ 
nuity*  granted  upon  any  number  of  afjign- 
ed  lives ,  that  isy  to  continue  as  long  as  the 
longeft  of  them  is  in  being . 

SOLUTION. 

&  .  /  Y  y  , 

Let  every  thing  be  fuppofed  as  in  the 
preceding  problem ;  then  fince  the  probabi¬ 
lity  that  the  life  A,  B,  or  C,  &c.  fails  the 
firlt  year,  is  exprefs’d  by  i  —a,  i—b,  or 

c'  7T*  refpectively,  the  probability  of 
all  the  lives.  A,  B,  C,  &c.  failing  the  firlt 

year, 

.  * 
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year,  will  be  exprefs’d  by  i — a  x  i— b  x 

1 — c,  &c.  (per  Lemma)  therefore  that 
of  fome  one  or  more*  of  them,  furviving 
the  firft  year,  will  be  i — i — ax  i — bx 
1 — c,  &c.  In  like  manner,  it  will  appear, 
that  the  probability  of  fome  one  or  more 
of  the  lives,  furviving  the  fecond  year,  will 
7  T 

be  1 —  1 — a  x  1 — b ,  &c.  &c.  Therefore, 
if  thefe  feveral  probabilities  be  refpeCtively 
multiply’d  into  the  terms  of  the  geometric 

feries  -h,  &c.  exprefling  the  prefent 

value  of  1  L  certain,  to  be  received  at 
the  end  of  i,  2,  3,  &c.  years,  the  pro¬ 
ducts  thence  arifing,  will  refpeCtively  ex¬ 
hibit  the  prefent  values  of  the  ift,  2d, 
3d,  &c.  year’s  rents,  upon  the  contingency 
of  fome  one  or  more  of  the  lives  furviving 
the  1  ft,  2d,  3d,  &c.  years;  the  fujn  of  all 

which  products,  or-h-f-  i-f- -■+-  &c. 

_  _  /  /  n  n 

1 — «xi— byScC.  I — a  X  !■— o,&c. I— a  X  I— gj&C, 

"  r  “  r*  tl 

in  m 

^jlerefQre  the  value  of  the 

r4 

annuity.  QJE.  I. 
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COROLLARY  I. 


Hence,  if  the  lives  be  all  equal,  and  their 
number  be  reprefented  by  s,  then  a  be ,  &c.  be- 
comingequal  to  each  other, the  valueof  thean- 

nuity  will  be  expreffible  by 


COROLLARY  II. 


Since  the  value  of  the  annuity,  con¬ 
verted  to  Ample  terms,  is 

*4 ,8c.  — ~ — 


r  r 

t  i 

a 


4  8t. 


Lb 


r 

/  / 
a  c 


i  t  / 
a  b  c 


U 

a 


u 

b 


r* 

a  b 


I > 
ab  d 


r 

n  n 

a  c 


1-4  8c.  -  ^—4  &C.  +^-\ 


I  I II II 

ab  d 


&C. 


r.  Of. 

&c.  &c.  &c.  &C.  &c. 

where,  according  to  the  laft  propoAtion, 
the  Arft  collateral  column  exprefles  the  va¬ 
lue  of  an  annuity  for  the  Angle  life  A; 
the  fecond,  the  like  for  the  Angle  life  B  5 
the  third  and  fourth,  for  the  joint  lives 
A W and  AC,  &c.  &c.  it  follows,  that 
the  value  of  an  annuity,  to  continue  as 

long 
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long  as  any  one  of  the  lives  A,  B,  C,  D,  &c. 
is  in  being,  is  equal  to  the  fum  of  the  va¬ 
lues  of  all  the  fingle  lives,  lefs  the  values 
pf  all  the  joint  lives,  combined  two  and 
two,  more  the  values  of  all  the  joint  lives, 
combined  three  and  three,  lefs  the  values 
of  all  the  joint  lives,  combined  four  and 
four,  and  fo  on.  Therefore,  when  the 
values  of  the  joint  lives  are  given,  the  va¬ 
lue  of  an  annuity  upon  the  longeft  life, 
will  from  hence,  be  likewife  given. 

COROLLARY  III. 

But  when  the  lives  are  all  equal,  the 
values  of  every  2,  or  3,  &c.  joint  lives, 
will  likewife  be  equal ;  therefore,  if  the 
yalue  of  each  fingle  life  be  reprefented  by 

H,  that  of  each  two  joint  lives  by  H,  that 

of  each  three  joint  lives  by  H,  &c.  the  va¬ 
lues  of  all  the  fingle  lives,  being  s  in  num¬ 
ber,  will  be  ==  s  H,  and  the  values  of  all 
the  joint  lives,  combined  two  and  two, 

s=  s  x  H,  Whence  it  is  manifeft, 
that  the  value  of  the  longeft  life,  in  this 

cafe,  will  be  s  H  — -  y  x  —  H  *4-  y  *  —  x 


nr 
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COROLLARY  IV. 

If  the  probabilities  of  continuing  in  being 
i*  2,  3*  &c.  years,  be  expounded  by  the 
terms  of  an  arithmetic  progreffion,  or  the 
decrements  of  life  from  year  to  year,  be 
fuppofed  equal  (as  in  Coroll.  IV.  and  V* 
of  the  laft  Propofition)  and  if  mnp ,  &Ci 
be  refpe&ively  put  for  the  numbers  of 
years  between  the  feveral  ages  A,  B,  C,  &c * 
and  the  extremity  of  old  age,  and  M  N  P* 
&c.  be  taken  to  reprefent  the  prefent  values 
of  an  annuity  certain  for  thofe  numbers 
of  years,  and  v  that  of  the  annuity  for 
ever  -y  then  will  the  value  of  one  life  A  be 

equal  to  v  —  HiXp  of  two  lives  A  B* 
equal  to ‘U- 


—  x  M-f-N — 2<zH-2‘u+i 


M 


of  three  lives  A,  B,  C, 


v 


w+f +2^4-3^+  3  x  2  v  x 

P  4- 


n  2  v  -fr- 1  x 


-  4- 

n 


I 

__  *P 
M  *i4l 

m  p 

‘p+ixy 

np 


6^4*35  &c.  which  values, 
therefore,  when  the  lives  A,  B,  &c.  are  all 

equal,  will  become  v  — T+i  x  v 

— t  *  ■.  ; i 


x  2^42^4-1  x  — - —  2  v,  and  v  — • 

fn  m  J 

x  m  4“  i  x  TW4-  6  v  +6^+  1  x~ 

**  tft 


rcfpedively. 


Note. 
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Note .  When  the  propofed  lives  are  un¬ 
equal  or  of  different  ages,  A  is  to  be  taken 
as  the  oldeft  of  them,  B  as  the  next  oldeft, 
and  fo  on. 


PROBLEM  III. 

¥0  find  the  value  of  an  annuity  granted  upon 
any  number ,  n,  of  lives ,  A  B,  C,  &c. 
but  Jo  as  to  continue  only  as  long  as  a 
given  nwnber ,  m,  of  them  are  in  being . 

»  \ 

SOLUTION. 

Let  P  be  the  value  of  all  the  joint  lives, 
A,  B,  C,  &c.  that  is,  the  value  of  an  an¬ 
nuity,  for  as  long  as  they  {hall  all  continue 
in  being  together ;  and  let  QJ)e  the  fum 
of  the  values  of  all  the  joint  lives  that  can 
arife,  by  combining  A,  B,  C,  &c .  lo  as  to 
leave  out  one  life  at  each  combination,  and 
R,  the  fum  of  the  values  of  all  the  joint 
lives,  that  can  arife  by  combining  the  lame, 
fo  as  to  leave  out  two  lives  at  each  combi¬ 
nation,  Gfc.  &c.  Then  will 


E 


Px 
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n — i 


P  X  I - *  •+-»  X 

I  2 


n — i  n — 2 

n  X - •  X - ,&V. 

2  3 


» — I  ,  n — I  n — 2  n — I  « — 2  « — 2 

Qx  I - - X - X  —  X - - 

I  I  2  I  2  3 


R  x  i« 


V 2  «— -2  » 3  2  « — 3  » — "4 


4 


X 

I  2 


X  - *  X  „ 

I  2  3 


S  X  I— =yM 
&c. 


3  ,  x  ” — 4  3  ^4  ^5 

I  2  I  2  3 


be  the  value  of  the  annuity  required 3 
where  the  fir  ft  feries  is  to  be  continued  to 
as  many  terms,  as  there  are  units  in  «+i 
— m  3  the  fecond  to  as  many  terms,  as  the 
firft  all  but  one  3  the  third  to  as  many  as 
the  fecond,  all  but  one,  and  fo  on. 


COROLLARY. 

Hence  it  appears,  that  the  value  of  an 
annuity,  to  ceafe  upon  the  failing  of  the 
firft  life,  will  be  P  3  upon  the  failing  of  the 

fecond  life,  1 — n  x  P-4-Q^  upon  failing  of 
the  third  life,  1 — n-t-n  x  n~L~  x  P +2 — 

r  2 

-4-  R  5  and  upon  failing  of  the  fourth 

life,  i — n+n  x - n  x - x -  x  r 

2  2  3 

-1-2  —  n  -4-  x  x  Q.+3  —  n  x  R 
Hh  S,  &c*.  &c» 

\  •'  ’V'; 


PRO- 
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PROBLEM  IV.  - 

To  find  the  value  of  the  reverfion  of  the 
longefl  of  any  number  of  hvet,  A,  B,  C, 
after  the  longefi  of  any  number  of  other 
lives,  P,  QJt. 

SOLUTION. 

From  the  value  of  all  the  lives,  A,  B,  C, 
P,  Q^R,  fubtradt  the  value  of  the  lives, 
P,  Qa_R>  in  poffeliion ;  the  remainder  will 
be  the  value  of  the  reverfion. 

The  truth  of  this  Solution  is  almoft  felf- 
evident ;  for  the  excefs  of  the  value  of  all 
the  lives,  above  that  of  the  lives  in  pof- 
feflion,  is  equal  to  the  fum  that  ought  to 
be  paid,  for  the  chance  of  enjoying  the  an- 
nuity  after  the  deceafe  of  thefe  laft  lives; 
and  fo  mull  be  the  true  value  of  the  rever¬ 
fion. 

PROBLEM  V. 

To  find  the  value  of  the  reverfion  of  any, 
number  of  joint  lives ,  A,  B,  C,  after  any 
number  of  joint  lives ,  P,  Qj_R> 
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SOLUTION. 

From  the  value  of  the  joint  lives  in  re- 
verfion,  fubtad  the  value  of  all  the  joint 
lives,  and  there  will  remain  the  value  of 
the  reversion. 


DEMONSTRATION. 

Let  the  right  of  the  rever/ion,  or  all  the 
rents  that  may  happen  to  arife  from  the  an-* 
nuity,  during  the  joint  continuance  of 
A,  B,  C,  after  one  of  the  lives  P,  QlA  iu 
pofleffion,  is  extind,  belong  entirely  to  one 
perfon  K,  and  his  heirs ;  and  let  him  be 
admitted  into  immediate  poffeffion  of  the 
annuity,  for  the  joint  lives,  A,  B,  C,  upon 
condition  that  he  or  his  heirs  (hall  pay  back 
the  rent  thereof,  till  fuch  time  as  it  becomes 
his  or  their  own  proper  right.  This  being 
premifed,  it  will  appear,  that  as  long  as  all 
the  lives.  A,  B,  C,  P,  R,  are  in  be- 
ing,  and  no  longer,  ought  K,  or  his  heirs, 
to  pay  back  the  rents  of  the  annuity ;  for 
firft  he  ought  to  pay,  while  A,  B,  C,  P,  QJl, 
are  all  in  being,  becaufe  all  this  time  he  re¬ 
ceives  the  rent  of  an  annuity,  to  which  he 
has  no  right ;  but  fecondly,  he  ought  not 
to  Pay  after  the  deceafe  of  any  of  the 

lives. 
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lives,  P,  Q^Pv,  fince  whatever  he  may  hap¬ 
pen  to  receive  afterwards,  is  his  own  juft 
property  5  nor  ought  he  to  pay  after  the  de- 
ceafe  of  any  of  the  lives,  A,  B,  C,  becaufe 
then  he  is  wholly  exempted  from  all  fur¬ 
ther  benefit  arifing  from  the  annuity. 
Therefore,  feeing  the  value  of  all  the 
rents  that  K  and  his  heirs  may  happen  to 
pay,  is  the  fame  as  the  value  of  all  the 
joint  lives,  A,  B,  C,  P,  QJR,  and  the  va¬ 
lue  of  all  that  they  may  receive,  or  the 
whole  produce  of  the  annuity,  the  fame  as 
that  of  th t  joint  lives.  A,  B,  C,  the  Solution 
is  manifeft. 

Other  wife. 

Let  the  probabilities  of  the  life  A,  con¬ 
tinuing  1,  2,  3,  &c.  years,  be  denoted  by 

/  n 

ay  ay  ay  &c.  and  thofe  of  the  life  continu¬ 
ing  1,  2,  3,  &c.  years,  by  by  by  by  &c.  re- 
fpeCtively,  &c.  In  like  manner,  let  the 
probabilities  of  the  life  P,  continuing  1, 

t  n 

2,  3,  &c9  years,  be  denoted  by  py  pypy  &c. 
and  thofe  of  the  life  (^continuing  1,2,3, 

in  f 

&c.  years,  by  q,  qy  qy  &c.  let  the  annuity 
be  1  L,  and  m  be  the  amount  of  1  L  in 
one  year,  viz.  principal  and  intereft.  Now, 
the  expectation  of  A,  B,  C,  upon  the  firft 
year’s  rent,  depends  upon  thefe  two  events ; 
firft,  that  they  all  continue  in  being  till  the 
end  of  that  year ,  and  fecondly,  that  fome 

one. 
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one,  at  leaft,  of  the  other  lives,  P,  QJl, 
fails  before  that  time:  Wherefore,  feeing 
the  probability  of  the  former  is  abc,  and 
that  of  the  latter  i — pqr,  the  probability 
that  both  happen,  or  that  A,  B,  C,  fhall 
receive  the  firft  year’s  rent,  will  be  abc  x 
i — Pyri  or  abc — abcpqr-,  this,  therefore, 
mukiply’d  into  ,  the  prefent  value  of  i  L, 


due 

abc 


gives 


at  the  end  of  one  year, 

—  for  the  true  value  of  the 

m  m  J 

expectation  of  A,  B,  C,  upon  the  fir  ft  year’s 
rent  j  and  by  the  very  fame  way  of  reafon- 
ing,  the  expectation  of  A,  B,  C,  on  the 
2d,  3d,  &c.  year’s  rents,  will  appear  to  be 

‘  ‘  ‘  f  1  /  n  n  n  11 11 11 11 11  n 

2b c tor  abc  abcpqr  r 

- — &c.  relpec- 

m*  1  a 


'  1  ' 
abc 


tively  •  the  fum  of  all  which,  or  a  b-  -f. 

tn 


*} ' 
abc 


N  fJ  f/  ,  i  i  /  i  1 1  n  n  n  n  m 1 

_ &C. _ abcP?r _ abcpqr  abcpqr 

ttt^  9  ni  mz  mi  9 

is,  therefore  the  total  value  of  the  re- 


verfion ;  and  this,  from  Problem  I,  appears 
to  be  equal  to  the  value  of  the  joint  lives, 
A,  B,  C,  lefs  the  value  of  all  the  joint 
lives.  A,  B,  C,  P,  Q^R,  as  was  to  be 
proved. 


PRO- 
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* 

PROBLEM  VI. 

fo  find  the  value  of  the  reverfion  of  any 
number  of  joint  lives ,  A,  B,  C,  after  the 
longefl  of  any  number  of  other  lives , 

P,  Qjl. 


SOLUTION. 

Let  ay  b  cy  &c.  be  as  in  the  laft  Pro¬ 
blem  :  Then,  becaufe  the  probability  of  all 
the  lives,  A,  B,  C,  continuing  till  the  end 
of  the  firft  year,  is  a  be,  and  that  of  all  the 
other  lives,  P,  R,  failing  before  that 

time,  1 — p  x  1 — q  x  1 — r,  the  probability 
that  both  thefe  events  happen,  or  that 
A,  B,  C,  receive  the  firft  year’s  rent,  will 
(by  the  preceding  Lemma)  be  a  be  x 

i—p  x  1 — q  x  1 — r  this  therefore  multi¬ 
plied  by~,  the  prefen t  value  of  i  L  cer¬ 
tain,  to  be  received  at  the  end  of  one 
year,  gives  - — - — — - - -  for  the  true 

value  of  the  expectation  of  A,  B,  C,  upon 
the  firft  year’s  rent,  allowing  for  difeount, 
and  all  contingencies.  After  the  very  fame 
manner  it  will  appear,  that  the  value  of  the 
expectation  of  A,  B,  C,  on  the  2d,  3d,  &c. 

year’s 
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year’s  rents,  will  be  -  ,,cy'  ancj 


If  '/  //  n  //  // 

a  b  c  X  I — p  X  I — £  X  I — r 


m,  ,  Gfr.  refpe&ively. 

Therefore  the  fum  of  thefe  values,  or 

-  - -  -  /  /  /  ?  /  / 

*  o  cX  I — p  X  I — fX  I — r  ,  a  0  c  X  I — p  X  I — fXl — r 


m 

n  it  n  n 


~f~ 


m 


,  ab  cX  I — p  X  I — ?XI — r  ^  ,  , 

H - — - 5  (Sc.  is  the  whole 

value  of  the  reverlion.  Q^E.  I. 


COROLLARY. 

If  the  laft  general  exprefiion  be  reduced 
to  Ample  terms,  and  compared  with  that 
in  Problem  I.  it  will  appear  that  the  va¬ 
lue  of  the  reverfion,  of  any  number  of 
joint  lives  A,  B,  C,  after  the  longeft  of  any 
number  of  lives,  P,  Q^R,  is  equal  to  the 
value  of  all  the  joint  lives  A,  B,  C,  lefs 
the  values  of  all  the  joint  lives  arifing  from 
combining  (at  each  combination)  all  the 
lives  A,  B,  C,  with  each  one  of  the  other ; 
more  the  values  of  all  the  joint  lives, 
arifing  from  combining  all  the  lives  A,  B,  C, 
with  each  two  of  the  other;  lefs  the  va¬ 
lues  of  all  the  joint  lives,  arifing  from  com¬ 
bining  all  the  lives  A,  B,  C,  with  each 
three  of  the  other,  and  fo  on. 

*  f 


PRO- 
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PROBLEM  VII. 


To  find  the  'value  of  the  reverfon  of  the 
longefi  of  any  number  of  lives  A,  B,  C, 
after  any  number  of  joint  lives,  P,  Q^Jl! 


SOLUTION. 


Let  m ,  a,  a,  b,  b,  p,  p,  q,  &c.  be  ftill 
as  in  the  preceding  propoiitions.  There¬ 
fore,  feeing  the  probability  that  one  or 
more  of  the  lives  P,  Q^R,  fails  the  firft 
year,  is  exprefsd  by  i — pqr,  and  that  of 
one  of  the  lives  A,  B,  C,  at  leaft,  furviv- 

ing  the  firft  year,  by  i — 7— a  x  i — b  x  T^c, 
the  probability  that  thefe  laft  A,  B,  C, 
receive  the  firft  year’s  rent,  will  be 

l — pqr  x  i — i — a  x  i — b  x  i — c,  andcon- 
fequently  the  value  of  their  expectation  on 

that  year’s  rent,  i — pqr  x  -  ~ *  l~ax  '~f 

M  ytt  ^ 


or 


1 — 1 — gX  I — b  x  1 — c  pqrXl — I — «  X  I— bxi — c 


m 


And,  from  the  very  fame  way  of  reafoning, 
the  value  of  their  expectation  on  the  ad, 
3d,  &c.  year's  rents,  will  appear  to  be 


'  m 

— a  X  1 — b  X  I  — c  pqr 


X  i — 1 — ax  r— Z 


m 


m 


>and 


F 


1— 
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li  ii  ll  II II  ll  H  I'  " 

x  I- — b  x  I — c pqrx  I  i  g  x  I— -*X  l—c 

ml  w3  * 

Gff.  .Therefore  the  fum  all  thefe,  or 
,_r=;  x  7^2  x  x 


/K1 


II 


1 — I — a  X  I — £  X  I — c  p<jr  X  I — I — X  I  b  X  !■*-* 


m' 


m 


i  /  / 

p  q  r  y  I 


/  /  ' 
I  —  «  X  I  —  *  X  1— c 


//  ll  n  >>  /'  " 

[— i — a  X  i — b  X  I — * 


pqr  X  I- 


’  £?r.  muft  be  the 


m 3 

total  value  of  the  reverfion.  Q^E.  I. 


COROLLARY. 

Hence,  becaufe  it  appears  from  the 
preceding  problems,  that  the  firif  icries, 

t_i — a x  i — £x i— i f  ■  1 — 1 — aX 1 — f 

m  ml  ’ 

expreffes  the  value  of  the  longeft  of  the 
lives  A,  B,  C,  and  that  the  fecond 

P4r<  1  1  a x  1  ^1—Z.cs  (reduced  to 

tn 

Ample  terms)  is  equal  to  the  values  of 
all  the  joint  lives  arifing  from  combining,  at 
each  combination,  all  the  lives  P,  Q^R,  with 
each  one  of  the  other,  &c.  it  follows,  that 
the  value  of  the  reverfion  of  any  number 

of 
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of  lives  A,  B,  C,  after  any  number  of  joint 
lives,  P,  Q^R,  is  equal  to  the  value  of  the 
lives  A,  B,  C  ;  lefs  the  values  of  all  the 
joint  lives,  arifing  from  the  combination 
of  all  the  lives,  in  poffeffion  with  each  o?ie 
of  the  other ;  more  the  values  of  all  the 
joint  lives,  arifing  from  the  combination  of 
all  the  lives,  in  poffeffion  with  each  two  of 
the  other  ;  lejs  the  values  of  all  the  joint 
lives,  arifing  from  the  combination  of  all 
the  lives,  in  poffeffion  with  each  three  of 
the  other,  and  fo  on. 


F  2 


TABLES 


TABLES 

i 

For  the  VALUATION  of 


ANNUITIES, 


Upon  One,  Two,  or  Three 

LIVES; 

Deduced  from  ten  Years  Observations 
on  the  Bills  of  Mortality  of  the 
City  of  LONDON. 
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TABLE  I. 

For  the  Valuation  of  Annuities  upon  one 

Life. 


> 

crq 

n 

• 

Year’s 
Purch. 
at  5  per 
cent . 

Year’s 
Purch. 
at  4 per 
cent. 

Year’s 
Purch. 
at  3  per 
cent. 

> 

trc? 

0 

• 

Year’s 

Purch. 

at  5  Per 

cent. 

Year’s 
Purch. 
at  4  per 
cent. 

Year’s 
Purch. 
at  3  per 
cent. 

6 

I4.I 

l6.2 

18.8 

21 

I2.9 

14.7 

I7.O 

7 

14.2 

16.3 

18.9 

22 

12 .7 

14.5 

l6.8 

8 

H-3 

16.4 

I9.O 

23 

12.6 

H-3 

16.5 

9 

H-3 

164 

I9.O 

24 

12.4 

14.1 

16.3 

IO 

14.3 

16.4 

I9.O 

2  5 

12.3 

I4.O 

l6. 1 

II 

H-3 

16.4 

19,0 

26 

12.1 

13.8 

T5-9 

12 

i4.2 

16.3 

18.9 

27 

12.0 

13.6 

15.6 

*3 

14. I 

l6.2 

18.7 

28 

n. 8 

13-4 

i54 

14 

14.0 

l6.0 

18.^ 

29 

11  -7 

13.2 

15.2 

l5 

13-9 

15.8 

18.3 

3° 

1 1.6 

H-1 

15.0 

l6 

*3-7 

15.6 

18. 1 

3 1 

1 1.4 

12.9 

I4.8 

17 

*3-5 

*5-4 

17.9 

32 

”•3 

12.7 

I4.6 

l8 

*34 

15.2 

17.6 

33 

1 1.2 

12.6 

144 

l9 

13.2 

15.0 

J7-4 

34 

1 1.0 

12.4 

14.2 

20 

13.0 

14.8 

17.2 

35 

10.9 

12.3 

14. I 
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Year’s 

Year’s 

Year’s 

Year’s 

Year’s 

Year’s 

> 

fro 

Purch. 

Purch. 

Purch. 

h> 

Purch. 

Purch. 

Purch. 

<T> 

• 

at  5  per  at  4  per 

at  3  per 

uw 

CD 

• 

at  5  at  4  /ter.  at  3  per 

cent . 

cent. 

- 

cent. 

cent. 

cent. 

cent. 

36 

10.8 

12. 1 

*3-9 

56 

8.4 

9.1 

10.1 

37 

10.6 

1 1.9 

*3-7 

57 

8.2 

8.9 

9.9 

38 

IO.5 

11. 8 

*3-5 

58 

8.1 

o7 

9.6 

39 

IO.4 

1 1.6 

!3-3 

59 

8.0 

8.6 

9.4 

40 

10.3 

“•5 

13.2 

60 

7-9 

8.4 

9.2 

41 

10.2 

1 1.4 

13.° 

6l 

7-7 

8.2 

8.9 

42 

IO. I 

11. 2 

12.8 

62 

7.6 

8.i 

8-7 

43 

IO. O 

11. 1 

12.6 

63 

7-4 

7-9 

8.5 

44 

9.9 

11. 0 

12.5 

64 

7-3 

7-7 

8-3 

45 

9.8 

10.8 

*2.3 

65 

7-1 

7-5 

8.0 

46 

9-7 

10.7 

12.1 

66 

6.9 

7-3 

7.8 

47 

9-5 

10.5 

1 1.9 

67 

6.7 

7*1 

7.6 

48 

9.4 

10.4 

1 1.8 

68 

6.6 

6.9 

7-4 

49 

9-3 

10.2 

1 1.6 

69 

6.4 

6.7 

7-1 

5° 

9.2 

IO.I 

II.4 

70 

6.2 

6-5 

6.9 

51 

9.0 

9.9 

II. 2 

71 

6.0 

6-3 

6.7 

52 

8.9 

9.8 

1 1 .0 

72 

5-8 

6.1 

6-5 

53 

8.8 

9.0 

IO.7 

73 

5-6 

5-9 

6.2 

54 

8.6 

9.4 

IO.5 

74 

5-4 

5-6 

5-9 

11 

8.5 

9-3 

10.3 

75 

5.2 

54 

5-6 
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TABLE  II. 

For  the  the  Valuation  of  Annuities  upon 
two  joint  Lives. 


n> 

3 

> 

n> 

» 

Year’s 
Purch. 
at  5 
tent. 

Year’s 
Purch. 
at  4 
cent. 

Year’s 
Purch. 
,at  %  per 
cent. 

£ 

<D 

P 

3 

> 

CK? 

n> 

• 

Year’s 
Purch. 
at  5 
cent. 

Year’s 
Purch. 
at  \per 
cent . 

Year’s 
Purch. 
at  3  per 
cent. 

6 

7 

8 

9 

10 

1 1*3 

IJ*5 

1 1.6 

1 1.6 

1 1.6 

12.7 

12.9 

i3.° 

13.° 

13.0 

144 

14.6 

14.7 
14.7 
14.7 

21 

22 

23 

24 

25 

1 0.0 
9.8 

9-7 

9-5 

94 

II. 2 

I  1.0 

10.8 

10.6 

IO-5 

12.6 

12.4 

12.2 

12.0 
11. 8 

11 

12 

13 

H 

l5 

1 1-5 

1 1.4 

ii*3 

11. 2 

11.0 

12.9 

12.8 

I2.7 

12.5 

12.3 

14.6 

I4,5 

14-3 

14. 1 

*39 

26 

27 

28 

29 
3° 

9.2 

9.1 

8.9 

8.8 

8.6 

I0*3 

IO.I 

9.9 

9.8 

9.6 

11. 6 

1 1.4 

1 1.2 

1 1 .0 
10.8 

16 

17 

18 

J9 

20 

10.8 

10.7 

10.5 

10.3 

IO.I 

1 2. 1 
11. 9 

11  -7 
II*5 
"•3 

*3-7 

*3-5 

13.2 

13.0 

12.8 

31 

32 

33 

34 

35 

8-5 

8-3 

8.2 

8.1 

8.0 

9.4 

9.2 

9.1 

8.9 

8.8 

10.6 

10.4 

10.2 

10. 0 
9.9 

Annuities  upon  Lives. 


Year’s 

|  Year’s 

1 

j  Year’s 

S 

Year’s 

Year’s 

Year’s 

55 

3 

Purch. 

Purch. 

iPurch. 

0 

p 

3 

Purch. 

Purch. 

Purch. 

> 

O-Q 

n> 

at  5  per  at  4 per 
cent .  |otz/. 

at  3  per 
cent. 

> 

CTQ 

Q 

jat  5  />£r 
cent. 

at  4  per 
cent . 

at  3  per 
cent. 

36 

7.8 

8.6 

9-7 

56 

5-6 

6.  i 

6-7 

37 

7.6 

8.4 

9-5 

57 

5-5 

6.0 

6.6 

38 

7-5 

8-3 

9-3 

58 

5-4 

5-8 

6.4 

39 

7-4 

8.2 

9.2 

59 

5-3 

5-7 

6-3 

40 

7-3 

8.1 

9-1 

60 

5-2 

5-6 

6.1 

4) 

7.2 

8.0 

8.9 

5 1 

5- 1 

5-5 

6.0 

42 

7- 1 

7.8 

8v 

62 

5-° 

5-4 

5-9 

43 

7-° 

7-7 

8.6 

5  3 

4.9 

5-3 

5-7 

44 

6.9 

7.6 

8-5 

64 

4.8 

5-i 

5-5 

45 

6.7 

7-4 

8-3 

65 

4-7 

5-° 

5-4 

46 

6.6 

7-3 

8.2 

66 

4.6 

4.9 

5*3 

47 

6-5 

7.2 

8. 1 

67 

4-5 

4*8 

5-1 

4‘ 

6.4 

7-1 

7-9 

68 

4.4 

4.6 

A 

4.9 

49 

6-3 

7-° 

7.8 

69 

4-3 

4-5 

4.8 

5° 

6.2 

6.8 

7.6 

70 

4-2 

4.4 

4.6 

5> 

6. 1 

6.7 

7-4 

7 1 

4.  i 

4-3 

4-5 

52 

6.0 

6.6 

7-3 

72 

3'9 

4.  I 

4-3' 

53 

5-9 

6-5 

7.2 

73 

3-8 

4.0 

4.2 

54 

5*° 

6-3 

7-° 

74 

3-7 

3-8 

4.0 

55 

5-7 

6.2 

6.9 

1  ^ 

75 

3-6 

3-7 

3-8 

G 
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T  ABLE  III. 

For  the  Valuation  of  Annuities  upon  t%e 
longeji  of  two  Lives. 


X 

Year’s 

1 

Year’s  | 

Year’s 

X 

Year’s 

i  ear’s 

Year’s 

o 

p 

rt 

Purch. 

Purch. 

Purch. 

a 

p 

Purch. 

.^urch. 

Purch. 

> 

at  5  per 

at  4  at  3 

> 

it  5  per 

it  4  per 

at  3  per 

uw 

a> 

• 

cent. 

cent. 

1 

cent. 

uw 

O) 

• 

cent. 

:ent. 

cent. 

6 

16.9 

19.7 

23-3 

21 

15.6 

l8.2 

21.3 

7 

I7.O 

I9.8 

23-4 

22 

*54 

l8.0 

21. 1 

8 

17.1 

*9-9 

23-5 

23 

i5-3 

I7.8 

20.8 

9 

17.1 

19.9 

23-5 

24 

J5-i 

I7.6 

20.6 

10 

17.1 

19.9 

23-5 

25 

15.0 

17.4 

20.3 

1 1 

17-1 

19.9 

23-5 

26 

14.9 

*7-3 

20.1 

12 

I7.O 

19.8 

23-4 

27 

r4-7 

17.1 

19.9 

V 

16.9 

19.7 

23-3 

28 

I4.6 

16.9 

19.7 

14 

16.7 

'9-5 

23.1 

29 

H-5 

l6.8 

19-5 

'5 

16.6 

*9-3 

22.9 

3° 

14.4 

l6.6 

*9-3 

l6 

16.4 

19. I 

22.6 

31 

14.2 

16.4 

I9. I 

>7 

t6.2 

18.9 

22.4 

32 

14. I 

l6.2 

I8.9 

,l8 

j  6. 1 

18.7 

22.1 

33 

14.0 

l6. 1 

18.7 

15-9 

lS-5 

21.9 

34 

*3-9 

*5-9 

18.5 

20 

1 5-7 

18.3 

21.6 

35 

13.8 

15.8 

18.3 

Annuities  upon  Lives. 


Year’s 

Year’s 

\ 

Year’s 

Year’s 

Year’s 

Year’s 

ft 

P 

3 

Purch. 

Purch. 

Purch. 

n 

P 

Purch. 

Purch. 

Purch. 

> 

CfQ 

at  5 

at  4  pgr 

at  3  per 

D> 

at  5  per 

at 

at  3  per 

r6 

cent. 

cent . 

cent. 

IN 

9 

cent . 

cent. 

cent. 

36 

*37 

*5-6 

1 8. 1 

5  6 

I  1.2 

12.1 

'34 

37 

I3-6 

‘5-5 

17.9 

r 

3/ 

I  1.0 

I  I.9 

l3'J 

3  8 

■3-5 

15*3 

17.7 

58 

IO.9 

"•7 

12.8 

39 

i3-4 

15.2 

'7-5 

59 

IO.7 

"•5 

12.5 

4° 

1 3 -3 

i5-° 

1 7-3 

v,0 

'°-5 

I  1.2 

12.2 

4i 

*3-2 

14.9 

17.0 

61 

i°.3 

I  I  .O 

12.0 

42 

r3- * 

14.7 

16.8 

62 

IO.  I 

10.8 

1 1.7 

43 

13.0 

'4-5 

16.5 

6  3 

9.9 

10.5 

1 1.4 

44 

12.9 

H-3 

i6.3 

64 

9-7 

10.3 

n. 1 

45 

12.8 

14.2 

16. 1 

65 

9.4 

10. 0 

10.8 

46 

12.6 

14.0 

15.8 

66 

9.2 

97 

10.5 

47 

12.5 

13.8 

15.6 

e? 

8.9 

94 

10.2 

48 

12.4 

13.6 

'5-3 

68 

»7 

9.2 

9.9 

49 

12.2 

'34 

'5-I 

69 

8.5 

8.9 

9-5 

5° 

12. 1 

'3-3 

14.9 

70 

8.2 

8.6 

9.2 

51 

1 1.9 

131 

I4.6 

7' 

8.0 

8.4 

8.9 

S2 

1 1.8 

12.9 

'44 

72 

7-7 

8.1 

8.6 

53 

r  1.6 

12.7 

1 4.  I 

73 

7-5 

7.8 

8.2 

54 

n-5 

12.5 

*3-9 

74 

7.2 

7-5 

7-9 

55 

"•3 

12.3 

13.6 

75 

6.9 

7.2 

7.6 
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TABLE  IV. 

For  the  Valuation  of  Annuities  upon  three 

joint  Lives. 


& 

Year’s 

Year’s 

Year’s 

S 

Year’s 

Year’s 

Year’s 

n 

PS 

Purch. 

Purch. 

Purch. 

rt> 

a 

Purch. 

Purch 

Purch. 

> 

at  ^jper 

at  4 per 

at  3  per 

'  > 

at  5  per 

at  4  per 

at  3 

CfQ 

n 

• 

cent . 

cent. 

cent. 

crq 

0 

cent. 

cent. 

cent. 

6 

9-7 

10.6 

11.7 

2  I 

8.2 

9.O 

IO. O 

7 

9-9 

10.8 

I  I.9 

22 

8. 1 

8.9 

9.8 

8 

10.0 

IO9 

12.0 

23 

7-9 

8.7 

9.6 

9 

10. 0 

IO.9 

12.0 

24 

7-7 

8-5 

9.4 

IO 

10.0 

IO.9 

12.0 

* 

25 

7.6 

8-3 

9.2 

1 1 

9-9 

1,0.8 

1 1.9 

26 

7-4 

8.1 

9.O 

12 

9.8 

10.7 

1 1.8 

27 

7-3 

8.0 

8.8 

9.6 

10.5 

1 1.6 

28 

7-1 

7.8 

8.6 

H 

9-5 

10.4 

11. 4 

29 

7-° 

7-7 

8-5 

J5 

9-3 

10.2 

1 1.2 

3° 

678 

7-5 

8-3 

16 

9.2 

10. 0 

11. 0 

31 

6.7 

7-4 

8.2 

17 

9.0 

9.8 

10.8 

32 

6-5 

7.2 

8.0 

18 

8.8 

9.6 

10.6 

33 

6.4 

7-1 

7-9 

*9 

8.6 

9.4 

10.4 

34 

6.2 

6.9 

7-7 

20 

8.4 

9.2 

10.2 

35 

6.1 

6.8 

7.6 
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Year’s  ‘Year’s 

/ear’s 

/  j 

t Year’s  ‘Year’s  Year’s  1 

2  'Purch.  ‘Purch. 

Jurch. 

p  Parch. !  Purch.  Parch.  1 

>  at  c  at  4  per 

it  3  />£r 

>  at  5  per  at  4  per  at  3  pen 

crQ  1 

CD 

*  j 

-£7/ A 

" ent . 

!  cent.  ^ cent .  1 

•  i  I  I  I 

36 

- — 1- 

6.0 

6.7 

n  A 
/  *T 

56 

4.4 

4-7 

5-M 

;37 
3  8 

5-9 

6-5 

^  9 

/ 

57 

4-3 

4.6 

5-°j 

5.8 

6.4 

7-1 

58 

4.2 

4-5 

4.9 

39 

5-7 

6-3 

7-c 

59 

4.1 

4.4 

4.8  I 

40 

5-6 

6.2 

6.9 

OO 

4.Q 

4-3 

4.6  j 

41 

5-5 

6.1 

6.8 

Si 

3-9 

4.2 

4-5 

42 

5-4 

6.0 

6.7 

52 

3-8 

4.1 

4-4 

43 

5-4 

5-9 

6.5 

63 

3-7 

4.0 

4-3 

44 

5-3 

5*8 

6.4 

64 

3-7 

3-9 

4.2 

45 

5-2 

5-7 

6-3 

65 

3.6 

3-8 

4-i 

46 

5'1 

5.6 

6.2 

66 

3-5 

3-7 

3-9 

47 

5-° 

5-5 

6.1 

67 

34 

3-6 

3-8 

48 

5-° 

5-4 

5-9 

68 

3-3 

3-5 

37 

49 

4-9 

5-3 

5.8 

69 

3-2 

3-4 

3-6 

5° 

4.8 

5.2 

5-7 

7° 

3-1 

3-2 

3-4 

51 

4-7 

5-1 

5-6 

71 

3-° 

3-1 

3-3 

52 

4-7 

5-1 

5*5 

72 

2.9 

3-° 

3-1 

53 

4.6 

5-° 

5.4 

73 

2.8 

2.9 

3-o 

54 

4-5 

4.9 

5-3 

74 

2.6 

2.7 

2.8 

55 

4.4 

4.8 

5-2 

75 

2-5 

2.6 

2.7 
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table  V. 

For  the  Valuation  of  Annuities  upon  the 
longef  of  three  Lives. 


n> 

> 

Crq 

n 

• 

Year’s 
Purch. 
at  5/w 
cent. 

Year’s 
Purch. 
at  4  per 
cent. 

Year’s 
(Purch. 
at  3 
cent. 

n> 

> 

0 

• 

Year’s 
Purch. 
at  5  pa¬ 
tent. 

I  Year’s 
Purch. 
at4/^ 
cent . 

Year’s 
Purch. 
at  3  per¬ 
cent. 

6 

7 

8 

9 

10 

iS.O 

18. 1 

18.2 
l8.2 
l8.2 

?i.o 

21. 1 

21.2 

21.2 

21.2 

25.0 

25.1 

25.2 
25.2 
25.2 

2  I 

22 

23 

24 

25 

16.9 

l6.8 

1 6.6 
16:5 
16.4 

l9-5 

19.4 

19.2 

19.0 

18.8 

23.1 
22.8 
22.6 
22.3 

22.1 

11 

12 

*3 

l8.2 

1 8.  i 

18.0 

17.9 

17.8 

21.2 

21. 1 

21.0 

20.9 

20.7 

2  C.2 

25.I 

25.0 

24.8 

24.6 

26 

27 

28 

29 
3° 

i6-3 

l6.I 

l6.0 

x5’9 

15.8 

18.7 
18.  r 
18.3 
18.2 
18.0 

2X.9 

21.6 

2I.4 

21.2 

21.0 

161 

*7 

18 

20 

17.6 

*7-5 

J7- 3 
17.2 

17.0 

20.5 

20.3 

20.1 

19.9 

19.7 

24-3 

24.1 

23.8 

23-5 

23-3 ! 
1 

3 1 

32 

33 

34 

35 

15.6 

r5-5 

I5-4 

J5-3 

15.2 

17.8 

l7-7 

17.6 

J7-4 

J7-3 

20.8 

20.6 

20.4 

20.2 

20.  Oj 

1 
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Mean  Age. 

Year's 
5urch. 
at  5  per 
:ent. 

! 

Year’s 
Purch. 
it  4 per, 
cent. 

Year’s 
Purch. 
at  3  per 
cent. 

£ 

s 

3 

t>  2 

CfQ  1 
ro  •< 

'  > 

Year’s 
Purch. 
it  cj  /fr 
cent. 

Year’s 
Purch. 
at  4  per 
cent. 

Year’s 
^urch. 
at  3  per 
cent. 

36 

IS-1 

I7.2 

19.9 

56 

12.6 

I3*7 

x5-1 

37 

15.° 

I7.O 

I9*7 

57 

12.5 

*3-5 

I4.8 

38 

H-9 

16.9 

x9-5 

58 

12.3 

13.2 

H-5  , 

39 

I4.8 

16.7 

i9-3 

59 

12. 1 

12.9 

14.  I 

40 

H-7 

l6.6 

I9. I 

60 

I  I.9 

12.7 

13.8 

4i 

14.6 

16.4 

18.9 

6l 

1 1.7 

12.5 

r3-5 

42 

J4-5 

16.3 

18.7 

62 

”•5 

12.2 

I3*1 

43 

14.4 

l6.2 

18.5 

63 

”•3 

1 1.9 

12.8 

44 

14-3 

l6.0 

l8.2 

64 

I  1.0 

1 1.6 

12.5 

45 

14.2 

*5-9 

l8.0 

65 

10^ 

1 1.4 

12.2 

Zl.6 

I4.  I 

x5-7 

*7-7 

66 

IO*5 

1 1. 1 

I  1.8 

47 

13-9 

T5-5 

x7-5 

67 

10.2 

10.8 

JI*5 

48 

13.8 

:5-3 

17.2 

68 

9.9 

10.5 

I  1.2 

49 

1 3*7 

>5* 1 

I7.O 

69 

9.6 

10.2 

IO.9 

5° 

*3-5 

14.9 

16.7 

7° 

9*3 

9.9 

10.5 

5 1 

i3-4 

14.7 

16.5 

71 

9.0 

9.6 

10.2 

5  2 

13.2 

14.5 

l6.2 

72 

8-7 

9.2 

9.8 

53 

x3-x 

H-3 

15.9 

73 

8.4 

8.9 

9-5 

54 

12.9 

IA.  I 

A 

l5-7 

74 

8.1 

8.6 

9*1 

55 

12.8 

13*9 

1 5-4 

75 

7.8 

8.2 

8.7 
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Here  follow  the  practical  Solutions  of 
feveral  Problems,  depending  on  the  fore¬ 
going  tables. 

PROBLEM  VIII. 

To  find  the  value  of  an  annuity  for  an 

ajjigned  life. 

SOLUTION. 

Look  out  the  given  age  in  table  I.  and 
againft  it,  towards  the  right-hand,  under 
the  p  opofed  rate  of  intereft,  will  Hand  the 
number  of  years  purchafe,  which  an  an¬ 
nuity  upon  that  life  is  worth. 

EXAMPLE. 

Let  the  given  age  be  18  years,  and  the 
rate  of  intereft  4  per  cent .  then  looking 
againft  18,  under  4  per  cent .  I  find  15.2, 
equal  the  number  of  years  purchafe  re¬ 
quired. 

PROBLEM  IX. 

To  find  the  value  of  an  annuity  upon  two 
afiigned  joint  lives . 


S  O- 
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SOLUTION. 

CASE  I. 

If  the  two  lives  be  equal ;  enter  tab.  II. 
with  the  common  age;  and  againft  it  you 
will  have  the  value  required. 

CASE  II. 

» 

If  the  given  ages  be  unequal,  but  nei¬ 
ther  of  them  lefs  than  2$;  nor  greater  than 
50  years;  take  half  the  fum  of  the  two  for 
a  mean  age,  and  proceed  as  in  Cafe  I  *. 

CASE  III. 

t 

If  one  6r  both  ages  be  without  the  li¬ 
mits  abovemention’d,  but  fo  that  the  diffe¬ 
rence  of  the  values  correfponding  to  thole 

ages,  be  not  more  than  —  of  the  leffer; 

’  .  _  t  3 

let  of  that  difference  be  added  to  the 
10 

faid  leffer  value,  and  the  fum  will  be  the 
Value  fought. 


*  This  and  the  following  Solutions  are  fo  contriv’d,  as 
tb  be  always  depended  on  to  lefs  than  ~  of  a  year’s  pur- 
chafe,  as  I  [hall  hereafter  endeavour  to  make  appear. 

H 
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Generally, 

-  -y _  «  . 

Be  the  difference  of  the  values  what 

it  will,  multiply  it  by  —  the  lefTer  of  the 

two  values,  dividing  the  product  by  the 
greater;  then  the  quotient,  added  to  the 
leffer  value,  will  give  the  true  anfwer  very 
near. 


Example  of  C  ase  I. 


*  r 

Let  the  two  given  ages  be  each  18,  and 
intereft  at  5  per  cent .  then  in  tab.  II.  againft 
18,  under  5  per  cent,  is  10.5  years  pur- 
chafe. 


Example  of  Case  II. 

In  which  the  rate  of  intereft  is  fuppofed 
as  above,  and  one  of  the  two  ages  34,  the 
other  48  ;  therefore  the  half  fum  of  the 
-ages  is  42 ,  againft  which  ftands  7.1. 

Example  0/  Case  III. 

"Where  one  age  is  fuppofed  to  be  15 
years,  the  other  29;  here  againft  15  years 
will  be  found  11.0,  and  againft  29,  8.8, 
the  difference  of  •which  two  yalues  is  2.2, 
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and  —  thereof,  equal  to  0.88  j  this  there¬ 
fore,  "added  to  8.8,  gives  9.68,  or  9.7,  for 
the  anfwer. 

Example  of  Case  IV. 

I 

Let  the  rate  of  intereft  be  4  per  cent,  and 
one  age  1 1  years,  the  other  68.  The  values 
correfponding  to  thefe  ages,  are  12.9.  and 
4.6,  their  difference  is  8.3,  which  mul- 
tiply’d  by  2  3.  will  be  19.09,  this  divided 
by  12.9,  quotes  1.5,  which  therefore,  ad¬ 
ded  to  4.6,  the  lelfer  value,  gives  6.1, 
equal  the  value  fought. 

PR  OB  LEM  X. 

f0  find  the  value  of  an  annuity  upon  two 
lives ,  that  is,,  to  continue  as  long  as. either 
,  of  them  is  in  being. 

SOLUTION. 

CASE  I, 

If  the  lives  be  equal,  find  the  given  age 
in  tab.  III.  and  againft  it,  under  the  pro- 
pofed  yate  of  intereft,  will  be  the  num^ 
her  of  years  purchafe  required. 

H  2 
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i 

CASE  II. 

If  both  ages  be  between  25  and  50,  take 
half  their  film  for  a  mean  age ,  an^l  pro¬ 
ceed  as  in  Cafe  I. 

CASE  III. 

<  .  s 

If  one  or  both  ages  be  without  the  li¬ 
mits  mentioned  in  the  laft  cafe,  but  the 
difference  of  values  correfponding  to  thofe 
ages,  as  found  in  tab.  III.  be  not  more 

than  ~  part  of  the  leffer ;  take  half  the 

fum  of  thofe  values  for  the  value  required. 

Generally, 

Let  the  given  ages  be  what  they  will, 
find  the  value  of  the  two  joint  lives  by 
Cafe  IV.  Prob.  IX.  which  fubtrad  from 
the  fum  of  the  values  of  the  two  An¬ 
gle  lives,  and  there  will  remain  the  re¬ 
quired  valu^  of  an  annu^y  upon  {he  longed 
life. 

Example  of  Case  I. 

Wherein  the  two  given  ages  are  each 
fiippofed  50  years,  and  the  rate  of  intereft 
4  per  cent .  '  Here  againft  50  years,  in 

tab. 
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tab.  III.  under  4  per  cent .  Hands  13.3, 
Shewing  the  number  of  years  purchafe, 
which  an  annuity  is  worth  for  two  fuch 
lives- 


Example  of  Case  II. 

Suppofe  one  age  30  years,  and  the  other 
46  $  then,  the  half  fum  of  the  ages  will  be 
38,  anfwering  to  which,  upder  4  percent* 
Hands  15.3- 

-  -  ,  y  I 

•  .  f  ') 

Example  of  Case  III. 

Let  the  two  propofed  ages  be  6,  and  21 
years;  then  againft  8  years  will  be  19.7, 
and  againft  21,  18.2,  the  half  fum  where¬ 
of,  is  18. 95,  equal  to  the  number  of  years 
purchafe  required. 

Example  of  Case  IV. 

Let  one  age  be  1 1  years,  the  other  68? 
and  the  rate  of  intereft  as  in  the  preceding 
examples.  Then  the  value  of  the  two 
joint  lives,  by  Cafe  IV.  of  the  laft  Pro¬ 
blem,  will  be  found  6.1,  and  the  values  of 
the  Angle  lives,  by  Problem  VIII.  equal  to 
16.3,  and  6.7,  the  fum  of  which  two,  de- 
creafed  by  6.1,  is  16,9,  equal  to  the  value 
required. 
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PROBLEM  XI. 


To  find  the  value  of  an  annuity  upon  three 

joint  lives. 

SOLUTION. 

r  i  .  4’  • 

CASE  I. 

If  all  the  lives  be  equal;  find  out  the 
given  age  in  tab.  IV.  and  againft  it,  under 
the  propofed  rate  of  intereft,  will  be  the 
number  of  years  purchafe  required. 

CASE  II. 

'  If  all  the  three  ages  be  between  15 
and  55  years,  and  the  difference  between 
the  greateft  and  leaft  of  them  not  more 

than  15  years,  take  ~  part  of  their  fum 

for  the  mean  age ,  and  proceed  as  in 
Cafe  I. 

-  *  •  "  r 

CASE  III. 

If  one  or  more  of  the  propofed  ages 
be  without  the  limits,  mentioned  in  the 
laft  article,  but  the  difference  of  the  va¬ 
lues  anfwering  to  the  greateft  and  leaft 

of 
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of  them,  hot  greater  than  half  the  le&ft  j 
then  to  the  fum  of  the  two  gre^f 

values,  add  twice  the  leaft,  and  take  —  of 

the  fum  for  a  mean  value  required, 

*  ^ 

Generally, 

Be  the  ages  what  they  will,  multiply 
the  fum  of  the  three  correfponding  va¬ 
lues  by  the  fquare  of  the  leaft  of  them, 
referving  the  produft ;  multiply  the  two 
greater  values  into  each  other,  and  to 
the  double  of  the  produdt,  add  the  fquare 
of  the  leffer  value  ;  divide  the  referved  pro¬ 
duct  by  this  fum,  and  fubtradt  the  quo¬ 
tient  from  twice  the  leffer  value ;  the  re- 
fult  will  be  the  value  fougnt. 


Example  of  Case  I. 

Let  each  age  be  35,  and  the  rate  of 
intereft  3  per  cent,  then  in  tab  IV .  againft 
3  r,  under  3  per  cent,  ftands  7.6,  which  is 
the  number  of  years  purchafe  that  an  an¬ 
nuity  is  worth  for  the  three  joint  lives. 

Ex  AM  PLE  of  C  ASE  II. 

Let  the  three  given  ages  be  20,  25,  and 

33  years.  Here  of  the  ages  will  be  26, 

corref- 


lr 
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correfponding  to  which,  under  3  per  cent ; 
Hands  9.0. 

§ 

1 

Example  0/*  Case  III. 

Where  the  propofed  ages  are  7,  15,' 
and  33  years;  againft  thefe  Hand  11.9, 
1 1.2,  and  7.9,  therefore  the  fum  of  the 
two  greater  values  is,hefe,  23.1  ;  this  added 

to  twice  the  lefler,  gives  38.9,’  the  —  of 

which,  or  9.725,  is  the  value  fought. 

Example  of  CAs£  IV. 

Let  the  three  ages  be  13,  31  and  53 

years,  and  intereft  4  cent,  then  the  va¬ 
lues  anfwering  to  thofe  ages,  will  be  10.5,’ 
7.3,  and  5.0  y  the  fum  whereof  is  22.8,- 
which  multiply’d  by  25,  the  fquare  of  the 
leaft  of  them  gives  570,  to  be  refer  ved : 
Again,*  the  two  greateft  values  multiply’d 
into  each  other  produce,-  76.65,  the  dou¬ 
ble  of  this  added  to  25,  tne  fquare  of  the 
leaft  will  be  178.3,  by  which  dividing  570, 
the  referved  product,  there  comes  out  3.2  ; 
this  fubtradted  from  10,  the  double  of  the 
leaft  value,  leaves  6.8  for  the  value  re¬ 
quired. 


PRO- 
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PROBLEM  XII. 

‘To  find  the  •value  of  an  annuity  upon  the 
longefi  of  three  lives : 

SOLUTION. 

CASE  I. 

If  the  lives  be  all  equal,  feek  the  com¬ 
mon  age  in  tab.  V.  and  againft  it,  under 
the  propofed  rate  of  intereft,  will  be  the 
number  of  years  purchafe  required. 

CASE  II. 

If  none  of  the  ages  be  lefs  than  ioj 
nor  greater  than  60  years,  and  the  difference 
between  the  greatefl:  and  leaf!:  of  them 
not  more  than  15  years,  to  twice  the  fum 
of  the  two  leaft  add  the  greatefl:,  and  take 

j  ■  * 

■—  part  of  the  fum  as  a  meari  age , 

1 

CASE  III. 

* 

If  the  difference  of  the  greatefl  and 
leaft  values,  found  againft  the  propofed 

ages  in  tab;  V;  be  not  more  than  -h  of 

the  leaft  5  then,  to  twice  the  fum  of  the 

I  two 
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two  greateft  values,  add  the  leaft ;  taking 
■I-  part  of  the  fum  for  a  mean  value,. 

Generally, 

Find  the  value  anfwering  to  the  great- 
eft  of  the  given  ages  in  tab.  III.  and  the 
values  correfponding  to  all  the  three  feveral 
ages  in  tab.  V.  and  let  the  difference  of 
the  two  values,  anfwering  to  the  greateft 
age,  be  taken  and  referved ;  let  the  fquare 
of  the  greater  of  thefe  two,  be  divided  by 
the  produdt  of  the  two  other  remaining 
values ;  multiply  the  fquare  of  the  quotient 
by  the  referved  difference,  then  this  laft 
produdt,  added  to  the  value  of  an  annuity 
for  the  two  youngeft  lives*  will  be  the  va¬ 
lue  required. 

Example  0/  Case  I. 

Let  the  three  ages  be  each  35  years,  and 
intereft  4  per  cent .  then  in  tab.  V.  againft 
35,  under  4  per  cent,  ftands  17.3,  for  the 
number  of  years  purchafe  required. 

Example  of  Case  II. 

Let  the  propofed  ages  be  16,  24,  and  30 
years,  then  will  the  mean  age  be  22  years* 
and  the  number  of  years  purchafe  required 

194- 
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Example.«/'Case  III. 

Suppofe  the  three  ages  to  be  28,  35,  and 
44,  then  the  three  correfponding  values 
will  be  18.3,  17.3,  and  16.0,  and  there¬ 
fore  twice  the  fum  of  the  two  greater 
added  to  the  Idler,  is  87.2,  which  di¬ 
vided  by  3,  quotes  17  *,44  dor  the  anfwer. 


Example  of  Case  IV, 

Let  the  given  ages  be  20,  36,  and 
60,  and  intereft  as  in  the  preceding  ex¬ 
amples  :  Here,  the  value  found  againft  60 
years  in  tab.  III.  is  11.2,  and  thofe  againft 
20,  36,  and  60,  in  tab.  V.  19.7,  17.2, 
and  12.7,  refpeftively  ;  wherefore,  taking 
1 1.2  from  12.7,  we  have  1.5  for  the  diffe¬ 
rence  to  be  referved :  Now  the  fquare  of 
12.7,  divided  by  the  product  of  19.7, 
and  17.2  is  o.c,  the  fquare  of  which, 
multiply’d  by  1.5,  the  referved  diffe¬ 
rence  gives  0.375  >  ^is  added  to  17.0, 
the  value  of  an  annuity  for  the  two 
youngeft  lives  (as  determined  by  Cafe  II. 
Prot^X.)  will  give  17.375,  or  17.4  for  the 
number  of  years  purchafe,  which  an  an¬ 
nuity  is  worth  upon  all  the  three  lives. 

J  z  R  E- 
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REMARK. 

►  -  / 

That  the  reader  may  not  entertain  any 
fcruple  concerning  the  exadtnefs  of  the  me¬ 
thods  of  Solution  hitherto  laid  down,  for 
eftimating  the  values  of  annuities  upon 
two  or  more  unequal  lives,  I  (hall  here, 
according  to  my  promife,  endeavour  to 
make  it  appear,  that  thofe  Solutions  may 
be  always  depended  on,  as  very  near  the 
truth.  In  order  to  this,  it  will  be  requi¬ 
site  to  refume  the  two  hypqthefes  laid  down 
in  Corol.  II.  and  IV.  Prob.  I.  wherein  the 
probabilities  of  life  are  fuppofed  in  a  geo¬ 
metrical,  and  in  an  arithmetical  progreflion ; 
and  to  compare  the  values  of  equal  fidtiti- 
ous  lives,  computed  according  to  thofe  hypo- 
thefes,  with  the  correfponding  values  in  the 
tables,  for  real  lives,  computed  from  adtual 
obfervations, and  then  toepnfider  from  thence, 
how  the  values  ought  to  differ  in  lives  that 
are  unequal .  Accordingly,  let  the  value  of 
each  of  the  equal  lives,  whether  confidered 
as  real  or  fi&itious,  be  fuppofed  equal  to 
any  number  of  years  purchafe,  as  7,  8, 
9,  10,  ii,  12,  13,  14,  and  15,  fucceffive- 
ly,  and  let  the  rate  of  intereft  be  at  4 
per  cent,  then  will  the  correfponding  va¬ 
lue,  of  two  equal  joint  lives,  be  as  in  the 
following  little  table,  whereof  the  firft  co¬ 
lumn  expreffes  the  value  of  each  of  the 

Angle 
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lingle  lives,  and  the  2d,  3d,  and  4th  co¬ 
lumns,  the  value  of  the  joint  lives,  accord¬ 
ing  to  obfervations,  and  the  two  forefaid  hy- 
pothefes  refpe&ively. 


Value  I 
of  one 
fingle 
life. 

Value  of  2 
joint  lives, 
per  tab. 

Value  of  2 
joint  lives, 
per  ill  hy- 
poth. 

Value  of  2 
joint  lives, 
per  2d  hy- 
poth. 

7 

4-7 

3-9 

4.9 

8 

5-4 

4.6 

5-6 

9 

6.1 

5-3  • 

6.4 

IO 

6.8 

6,1 

7-1 

I  I 

7.6 

6.9 

7-9 

12 

8.5 

7.8 

8.8 

*3 

9-5 

8.7 

9-7 

14 

IO.5 

9-7 

10.6 

15 

“•5 

10.6 

1 1.6 

Now,  by  infpe&ing  this  table,  we  may 
obferve,  firft,  that  the  value  of  the  joint 
lives,  according  to  the  laft  of  the  two  hy¬ 
pothetic,  is  a  fmall  matter  greater  than  the 
value  of  the  fame  lives,  as  deduced  from 
real  obfervations,  but  never  by  more  than 

about  ~  of  an  year’s  purchafe ;  and  fe- 

condly,  that,  on  the  other  hand,  the  va¬ 
lue  of  the  joint  lives,  according  to  the  firft 
hypothetic,  is  always  lefs  than  the  true  va¬ 
lue  deduced  from  obfervations,  and  that 
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at  leaft  by  —  of  a  year's  purchafe.  Hence 

we  may  infer,  that  the  probabilities  of  life, 
as  given  in  the  table  of  obfervations,  do 
not  come  fo  near  a  geometric  progreflion, 
as  to  an  arithmetic  one  (which,  in  fome 
meafure,  appears  from  the  table  itfelf)  and 
confequently  that  the  value  of  an  annuity 
upon  real  lives,  whether  equal  or  unequal, 
will  differ  little  from  the  value  de¬ 
rived  from  the  laft  bypothefis,  but  fome- 
thingmore  from  the  former.  Let  us,  there¬ 
fore,  now  lee  what  the  differences  will  be, 
in  two  unequal  joint  lives,  by  the  general  rule 
before  given,  (in  Prob.  IX.)  from  whence 
we  fhall  be  enabled  to  judge  of  the  exa<ft- 
nefs  of  that  rule.  What  thefe  differences 
are,  may  be  feen  by  the  following  ta¬ 
ble,  which  exhibits  the  values  of  the  joint 
lives,  according  to  each  of  the  three  fore- 
faid  ways ;  wherein  the  value  computed  by 
the  rule,  compared  with  thofe  derived  from 
the  hypothefes,  appears  to  agree  fo  exa&ly, 
throughout  the  whole  table,  with  what  has 
'  been  above  obferved,  with  refped  to  the  true 
value,  as  to  fufficiently  prove,  that  the  rule 
it  felf  muft  be  very  near  the  truth.  But 
if  this  rule  be  near  the  truth,  the  two 
particular  ones  preceding  it,  muft  be  fo  too, 
being  fo  contrived,  as  to  always  bring  out 
nearly  the  fame  value  with  the  general  one ; 
but  with  this  difference,  that,  as  the  general 
2  pne. 
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one,  for  the  moft  part,  gives  the  anfwer  a 
little  too  fmall,  the  firft  of  thefe  always 
makes  it  a  little  too  great ;  tho’  neither  of 

them  fcarce  ever  err,  by  more  than  ~  of  a 

year’s  purchafe. 


Values  of 
the  two 
fingle  lives. 

Value  of 
the  two 
joint  lives, 
per  rule. 

Value  of 
the  two 
joint  lives, 
per  firft 
hypoth. 

Value  of 
the  two 
joint  lives, 
per  fecond 
hypoth. 

6  and  8 

4-5 

3-8 

4-7 

6 

IO 

4.8 

4-3 

5-° 

6 

12 

5-° 

4.6 

5-2 

6 

14 

S-2 

4.9 

5-4 

6 

l6 

5*4 

5-2 

5-5 

8 

IO 

6.0 

5*3 

\ 

6.2 

8 

12 

6.4 

5-8 

6 -7 

8 

H 

6.7 

6-3 

7- 0 

8 

l6 

6.9 

6.7 

7.2 

IO 

12 

7-5 

6.8 

7.8 

IO 

h 

8.0 

7-5 

8-3 

IO 

16 

8.4 

8.1 

8.7 

12 

h 

9-3 

8.6 

9-5 

12 

16 

9.9 

9.4 

IO.I 

14 

16 

I  1.4 

10.6 

1  *-5 

In 
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In  the  fame  manner  it  may  be  made 
to  appear,  that  the  other  rules  for  three 
joint  lives,  and  the  longejl  of  two  or  three 
lives,  are  like  wife  very  near  the  truth,  but 
I  fhall  content  my  felf  here,  with  giv¬ 
ing  one  or  two  inftances,  in  annuities 
upon  three  joint  lives.  Let  there  be  three 
equal  lives,  and  the  value  of  an  annuity 
upon  each  of  them  14  years  purchafe, 
and  filtered  at  4  per  cent .  then  will  the 
value  of  the  joint  lives,  by  tab.  IV.  come 
out  8.3,  but  by  the  two  hypothefes,  7.3, 
and  8.5,  refpedlively*  Again,  let  the  lives- 
be  fuppofed  very  unequal,  fo  as  to  be  worth 
6,  10,  and  16  years  purchafe,  then  will  the 
value  of  the  joint  lives  be,  by  the  general 
rule,  4.5,  but  according  to  the  hypothefes,; 
3*84,  and  4.63  ;  which  examples,  agreeing 
fo  well  with  each  other,  and  with  what 
has  been  abovefaid,  tend  greatly  to  evince 
the  accuracy  of  the  rules,  or,  at  lead:,  to 
fhew  that  they  are  confident  with  the  ta¬ 
ble  of  obfervations. 
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O  F 

REVERSIONS. 


PROBLEM  XIII. 


TO  find  the  value  of  the  Reverfion  of 
one  life  after  another . 


SOLUTION. 


From  the  value  of  the  life  in  expecta¬ 
tion,  fubtrad:  the  value  of  the  two  joint 
lives,  or  from  the  value  of  the  longifi  of 
the  two  lives,  fubtradl  the  value  of  the  life 
in  poffefiion  ;  the  remainder,  in  either  cafe, 
will  be  the  required  value  of  the  Re¬ 
verfion  *. 


*  This  and  all  the  following  Solutions,  relating  to  Re- 
verfions,  are  univerfally  true,  be  the  probability  of  life  what 
it  will,  as  appears  from  Prob.  IV.  V.  and  VI.  they  being 
nothing  more  than  the  molt  ufeful  Cafes  of  the  general 
Theorems  there  given. 


K 
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EXAMPLE. 

Suppofe  the  age  of  the  life  in  poffeffion 
to  be  68  years,  and  that  of  the  life  in  ex¬ 
pectation  ii  years,  and  intereft  4  per  cent. 
then  the  values  of  the  two  joint  lives,  by 
Cafe  IV.  Prob.  IX.  will  be  6.1,  which 
fubtraCted  from  16.3,  the  value  of  the  life 
in  expectation,  leaves  10.2,  for  the  value 
of  the  reverfion ;  but  if  the  youngeft  life 
had  been  in  poffeffion,  the  value  of  the  Re¬ 
verfion  would  have  been  only  0.6. 

/ 

PROBLEM  XIV. 

'Jo  find  the  value  of  the  Reverfion  of  two 

lives  after  one . 

SOLUTION. 

From  the  value  of  the  three  lives,  fub- 
tra£t  the  value  of  the  life  in  poffeffion  j  the 
remainder  will  be  the  value  oi  the  two  lives 
in  Reverfion. 

example. 

Let  the  age  of  the  life  in  poffeffion  be  50 
years,  and  thofe  of  two  lives  in  reverfion, 

45 
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4^  and  ^6  years,  and  interefb  at  4  Per  cen 
then  the  value  of  the  three  lives,  by  Cafe 
II.  Prob.XII.  will  be‘  15.1,  from  which 
fubtraCting  10.1,  the  value  ot  the  life  in 
pofleflion,  there  remains  5 *°3  E>r  the  value 

required. 

PROBLEM  XV. 

To  find  the  value  of  *  the  Reverfion  of  one 

life  after  two . 


SOLUTION. 

*  V 

From  the  value  of  the  three  lives,  take 
the  value  of  the  two  lives  in  pofleflion, 
there  will  remain  the  value  of  the  life  in 
reverfion. 

example. 

Suppofe  18  and  26  to  be  the  ages  of  the 
two  lives  in  pofleflion,  end  32  that  of  the 
life  in  expectation,  and  intereft  at  4  Per  cent. 
then  the  value  of  the  three  lives,  by  Cale 
II.  Prob.  XII.  will  be  19.0,  from  which 
fubtra&ing  18.0,  the  value  of  the  two  lives 
in  pofleflion,  there  remains  1.0,  for  the  va- 
lue*  of  the  reverfion. 

K  2 


PRO- 
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PROBLEM  XVI. 


one 


To  find  the  value  of  the  reverfion  of 
life  after  two  joint  lives. 


SOLUTION. 

From  the  value  of  the  life  in  expecta¬ 
tion,  fubtract  the  value  of  the  three  joint 
lives,  there  will  remain  the  value  of  the 
life  in  reverfion. 


EXAMPLE. 

Let  the  age  of  each  of  the  three  pro¬ 
posed  lives,  be  21  years ;  then  the  va¬ 
lue  of  the  three  joint  lives,  by  Cafe  I. 
Prob.  XI.  will  be  9.0,  which  fubtracted 
from  14.7,  the  value  of  the  life  in  ex¬ 
pectation,  leaves  5.7,  equal  the  value  of 
the  reverfion,  when  filtered:  is  at  4  per 
cent.  * 

PROBLEM  XVII. 

To  find  the  value  of  the  reverfion  of  two 
joint  lives  after  one. 


SO- 


r- 

Annuities  upon  Lives.  6g 
SOLUTION. 

■a 

From  the  value  of  the  two  joint  lives, 
fubtradt  the  value  of  the  three  joint  lives; 
the  remainder  will  be  the  value  of  the 
reverfion. 


EXAMPLE. 

Suppofe  the  age  of  the  life  in  pofiefiion 
to  be  1 6  years,  and  the  ages  of  the  two 
joint  lives  in  reverfion,  each  28  years ; 
then  the  value  of  the  two  joint  lives  will 
be  9.9,  by  Cafe  I.  Prob.  IX.  and  that  of 
the  three  joint  lives,  8.5,  by  Cafe  II. 
Prob.  XI.  the  difference  of  which,  or 
1.4,  is  the  value  of  the  reverfion ;  interefl 
being  4  per  cent . 

PROBLEM  XVIII. 

Suppofing  two  perfons ,  A,  B,  to  be  equally 
in  pojfejjion  of  an  annuity ,  which  after 
the  deceafe  of  either  of  them>  is  to  be¬ 
long  entirely  to  the  furvivor  for  life: 
*To  find  the  'value  of  the  Jhare  of  each 
in  that  annuity . 

SO- 

k.,_ 
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SOLUTION. 

From  the  value  of  the  life  A,  or  B, 
fubtrad:  half  the  value  of  the  two  joint 
lives ;  the  remainder  will  be  the  value  of 
the  fhare  of  A,  or  B. 

EXAMPLE. 

Let  the  age  of  A  be  18  years,  and  that 
of  B,  29  years,  and  the  rate  of  intereft  4 
per  cent .  then  the  value  of  the  life  A  will 
be  15.2,  and  the  value  of  the  life  B  13.2, 
from  each  of  which  fub trading  (5.3)  half 
the  value  of  the  two  joint  lives,  there 
will  remain  9.9,  and  7.9,  equal  to  the  two 
values  required. 

PROBLEM  XIX. 

**  ,'r'* 

A  and  B  enjoy  an  annuity ,  to  which  a 
third  perjon  C,  after  the  deceafe  of  A, 
is  to  have  the  jbk  right  of  poffejfion  for  life , 
provided  B  be  then  extinffi ;  otherwife 
it  is  to  be  equally  divided  between  him 
and  B,  during  their  joint  lives ,  and  then 
to  belong  entirely  to  C,  for  life ,  if  he  be 
the  lajl  jurvivor  :  To  find  the  value  of  the 
right  of  C  in  that  annuity . 


SO- 
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SOLUTION... 

From  the  val uc  of"  thu  life  C,  fubtraA 
half  the  value  of  the  two  joint  lives  B,  C, 
and  from  the  value  of  the  two  joint  lives 
A  C,  fubtradl  half  the  value  of  the  three 
joint  lives  A,  B,  C,  take  this  laft  remainder 
from  the  former,  and  the  refult  will  be  the 
value  fought. 

DEMONSTRATION. 

Let  the  annuity  be  iL,  r  the  rate  of 

/  /  /  , 

intereft,  and  a ,  b ,  c ,  &c,  ci>  b ,  c,  &c»  the 
probabilities  of  living  i,  2,  &c.  years,  as 
in  the  foregoing  proportions.  Now  the  ex¬ 
pectation  of  C,  upon  what  he  may  happen 
to  receive  at  the  end  of  any  year  (fuppofe 
the  firft)  may  be  confidered  in  two  parts, 
as  depending  on  two  different  events ;  for 
firft,  if  C  be  the  only  perfon  of  the  three 
then  living,  of  which  the  probability  is 

c  x  x — a  x  i — by  he  will  be  intitled  to  the 
whole  year  s  rent,  or  i  L,  therefoie  his  pre- 
fent  expectation  thereon,  difeount  being  al- 

'  low'd,  is  c  x  1  —a  x  i—b  x  ~  .  Secondly, he 

and  B  may  happen  to  be  living,  and  A 

only 
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only  extindt,  in  which  cafe  he  is  to  receive 
only  —  of  i  L;  therefore,  the  probability 
of  this  being  cb  x  i — a ,  his  expectation  in 
this  cafe  will  be  cb  x  i — a  x  —  :  Hence, 

2  r 

by  adding  thefe  two  values  together,  we 
have  c  x  i — ci  x  i — b  x  —  -1-  cb  x  i — a  x  — 

r  2  r 

— i - —  —  — for  the  total  expec- 

r  2r  r  2  r  1 

tation  of  C,  upon  what  he  may  happen 
to  receive  at  the  end  of  the  firft  year. 
And,  from  the  very  fame  manner  of  rea- 

f  c  l 

foning,  it  will  appear  that  ~  —  -^r 

iii 

—  aJ-  -p-  d  is  the  value  of  the  expedta- 

tion  of  C,  upon  what  he  may  happen  to 
receive  at  the  end  of  the  fecond  year,  &c. 
Therefore  the  total  expectation,  or  prefent 
value  of  all  the  fums  that  C  may  happen  to 
receive  from  time  to  time,  is 


c 

c  b  c  a 

.  -p- 

a  b  c 

r 

2  r  r 

2  r 

4* 

i 

c 

1  l  11 

to  c  a 

'  L ' 

a  b  c 

rz 

zrx  rz 

2  rv 

ii 

c 

1 

j  5* 

1 

*  ^ 
ft  SB 

-t- 

II  II  u 

ab  c 

r* 

2  r1  r* 

z  r* 

But 
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1  a 

But  4-  ~  +  — Tj  GV.)  the  firft  column 

V  r  rx  riJ  J 

towards  the  right-hand,  as  appears  from 
Prob.  I.  expreffes  the  value  of  an  annuity 
upon  the  life  C  ;  arid  the  fecond  column 

(—  +  ©V.)  half  the  value  of  the 

V  2  r  2 r%  J 

fame  annuity  upon  the  two  joint  lives 
B  C,  and  fo  on ;  whence  the  truth  of  the 
Solution  is  manifeft. — By  proceeding  ac¬ 
cording  to  this  method,  the  value  of  any 
reverfion,  however  complicated,  may  be 
determined. 

PROBLEM  XX. 

A,  B,  C,  agree  amongfl  themfehes  to  pur- 
chafe  an  annuity ,  to  be  equally  divided 
between  them  whiljl  they  live  together , 
then  to  be  divided  equally  between  the  two 
Jurvivors ,  then  to  belong  intirely  to  the 
lajl  Jurvivor  for  life :  To  find  what  each 
perfon  ought  to  contribute  towards  the 
purchafe . 

SOLUTION. 

From  the  value  of  the  life  A  take  half 
the  fum  of  the  values  of  the  joint  lives  A,  B, 

L  and 
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and  A,  C,  and  to  the  remainder  add  — 

3 

of  the  value  of  the  three  joint  lives  A,  B,  C, 
the  fum  fhall  be  the  value  which  A  ought 
to  contribute ;  and  the  like  will  hold  with 
regard  to  the  lives  B  and  C. 

DEMONSTRATION. 


The  expectation  of  A,  upon  what  he 
tnay  happen  to  receive  at  the  end  of  one 
year,  may  be  confider’d  in  four  parts,  as 
depending  on  fo  many  different  events ; 
f6r,  firft,  A,  B,  and  C,  may  be  all  living, 
the  probability  whereof  is  a  b  c>  in  which 


cafe  he  is  to  receive  A  of  the  year's  rent, 

I  ^  •  • 

or  —  of  i  L  5  therefore  his  expectation  on 

this  event  is  Secondly,  A  and  B 

may  be  living,  and  C  extinCt,  the  proba¬ 
bility  whereof  is  abx  i — c ,  therefore  on 


this  event  his  expectation  is  — — — . 

Thirdly,  A  and  C  may  be  living,  and  B 
extinCt,  on  this  event  his  expectation  is 


~~  "I  r — Eaftly,  A  may  be  the  only  per- 
fon  then  living,  upon  this  the  expectation 

will  be  tx  •  wherefore,  by  adding 

T  '  -  - 

all 
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all  thefe  four  values  into  one  fum,  we  have 
t- _ fA _ ac  -1- -iAi  for  the  total  va- 

r  2  r  2  r  3  r 

lue  of  the  expectation  of  A,  upon  what  he 
may  happen  to  receive  at  the  end  of  the 
firft  year ;  from  whence,  by  following  the 
fame  method  of  reafoning,  as  in  the  laft 
propofition,  the  truth  of  the  Solution  will 
appear  evident. 

In  like  manner  may  the  (hare  of  A  be 
determined,  be  the  number  of  perfons  con¬ 
cerned  in  the  purchafe  ever  fo  great,  fup- 
pofing  the  annuity  to  be  always  equally  di¬ 
vided  among  the  furviving  lives ;  for  let  P 
exprefs  the  value  of  the  life  A  (viz.  the 
value  of  an  annuity  of  i  L  for  the  life 
of  A ;)  Q_the  fum  of  the  values  of.  all 
the  joint  lives,  arifing  from  the  combina¬ 
tion  of  the  life  A,  with  each  one  of  the 
other;  R  the  fum  of  the  values  of  all  the 
joint  lives,  arifing  from  the  combination  of 
the  life  A,  with  each  two  of  the  other; 
S  the  fum  of  the  values  of  all  the  joint 
lives,  arifing  from  the  combination  of  the 
life  A,  with  each  three  of  the  other,  and 

fo  on  ;  then  will  P  — 4-  - - y* 

&c.  be  the  value  which  A  ought  to  con¬ 
tribute. 

L  2 


PRO- 
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PROBLEM  XXI. 

■  V  •  .  ,  * 

Suppo/ing  any  given  number  of  lives  P,  Q^R, 
and  that  A,  or  his  Heirs ,  are  to  receive 
the  fum  S  upon  the  firjl  vacancy  of  any 
of  thefe  lives :  fo  find  the  value  of  A’s 

expectation  in  prefent  money . 

« 

SOLUTION. 

Multiply  the  given  fum  by  the  value 
of  an  annuity  for  the  joint  lives  P,  QJR, 
and  divide  the  product  by  the  value  of 
the  fame  annuity  for  ever  $  fubtracl  the 
quotient  from  the  given  fum,  and  there 
will  remain  the  value  fought. 

DEMONSTRATION. 

Let  E  be  the  value  of  an  annuity  for 
ever  (/.  e .  the  number  of  years  purchafe 
it  is  worth)  and  P  the  value  of  an  annuity 
for  the  propofed  joint  lives ;  therefore,  fee¬ 
ing  the  value  of  the  reverlion  for  ever, 
after  the  joint  lives  P,  Q^R,  to  be  re¬ 
ceived  as  foon  as  one  of  thole  lives  be¬ 
comes  extinft,  is  to  the  fum  (S)  to  be 
received  at  the  fame  time,  as  E  to  S,  the 


Annuities  upon  Lives.  77 

prefent  value  of  that  reverfion,  muft,  con- 
fequently,  be  to  the  prefent  value  of  this 
fum,  in  the  fame  ratio  of  E  to  S  ;  but 
the  prefent  value  of  the  reversion  is  known 
to  be  E — P,  therefore  that  of  the  fum  S 

will  be  x  S  =  S - g—  •  D. 

EXAMPLE. 

Let  the  number  of  lives  be  3^  their 
ages  each  27  years,  the  rate  of  intereft 
4  per  cent .  and  the  propofed  fum  100/. 
then  the  value  of  an  annuity  for  the  joint 
lives  being  (by  the  table)  8  years  pur- 
chafe,  and  the  value  of  an  annuity  for 
ever  25  years  purchafe,  we  fhall,  by  mul¬ 
tiplying  100/.  by  8,  and  dividing  the  pro¬ 
duct  by  25,  have  32/.  which  fubtradted 
from  100/.  will  leave  68/.  for  the  prefent 
value  of  too/,  to  be  received  at  the  firft 
vacancy  of  the  three  propofed  lives. 

\  PROBLEM  XXII. 

Suppofing  a  given  fum  S  to  be  depending , 
fo  as  not  to  become  due  till  the  lives 
P,  QJL  &c.  are  all  extincl  %  ’tis  requi¬ 
red  to  find  the  value  of  that  fum  in  pre¬ 
fent  money . 


SO- 
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SOLUTION. 

Multiply  the  given  fum  by  the  value 
of  an  annuity  for  the  longeft  of  the  pro- 
pofed  lives,  apd  divide  the  prpdudt  by  the 
perpetuity  $  fubtradt  the  quotient  from  the 
given  fum,  and  there  will  remain  the  va¬ 
lue  required. 

The  reafons  of  this  Solution  will  appear 
evident  from  the  method  laid  down  in  the 
kft  Problem. 


REMARK. 

In  what  has  been  hitherto  laid  down,  we 
have  had  regard  to  fuch  annuities  as  are 
paid  yearly,  but  if  the  payments  are  to  be 
made  every  half  year,  which  is  moft  com¬ 
monly  the  cafe,  the  true  value  at  which 
the  purchafe  is  to  be  eftimated,  ought  to  be 
a  little  increafed ;  and  therefore  it  may  not 
be  improper  to  confider  here,  how  much 
that  increaie  will  he.  In  order  to  which, 
let  E  denote  the  perpetuity,  or  the  value 
vf  an  annuity  for  ever,  and  P  the  value 
pf  the  farpe  annuity  for  any  number  of 
Jives  j  then,  fince  that  life,  upon  whofe 
Jailing  the  annuity  ceafes,  has  the  fame 
chance  very  nearly,  to  drop  in  the  laft  as 
ip  |Jie  firft  half  of  the  year,  it  is  manifeft 

that 
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that  the  purchafer  has,  in  this  cafe,  an 
equal  chance  to  receive  half  a  year's  rent 
more  than  when  the  annuity  is  paid  yearly  ; 
and  therefore  the  fum  that  ought  to  be  al¬ 
low'd  as  an  equivalent,  for  this,  to  be  paid 

upon  ceafing  of  the  annuity,  will  be 

of  a  year's  purchafe,  or  -E  L,  of  which 

fum,  the  prefent  value  will,  by  the  laft 

Prob.  be  — — ;  but  this  is  not  the  only 

4  h  J 

advantage  the  purchafer  has  in  this  cafe  $ 
for,  befides  this,  he  has  the  ufe  of  the 
1  ft,  3d,  5th,  &c.  half  years  rents  each 
half  a  year  5  the  value  of  which  confide-* 

ration,  fince  the  intereft  of  -1-  L,  for  half 
7  2  J 

a  year,  is  to  1  L,  the  whole  fum  received 

in  that  year,  in  the  conftant  proportion  of 

1  to  4  E,  will,  it  is  manifeft,  be  to  the 

prefent  value  (P)  of  all  the  fums  that  may 

be  received  from  time  to  time,  in  the  fame 

conftant  proportion ;  and  therefore  is  equal 


to  which  added  to  above  found, 

gives  d-  L  for  the  whole  value  required. 

Hence  it  appears,  that  be  the  rate  of  in¬ 
tereft  and  the  number  of  lives  what  they 
will,  the  difference  of  the  values  of  two 
equal  annuities,  arifing  from  the  rents  of 
one  being  paid  yearly*  and  the  other  half 

:  yearly* 
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yearly,  will  in  all  cafes  be  —  of  a  year’s 

purchafe)  and  in  like  manner,  it  will  be 
found,  that  the  difference  of  the  values 
of  two  annuities,  upon  account  of  the  rents 
of  the  one  being  paid  yearly,  and  the  other 

quarterly,  will,  in  all  cafes  be  of  a 

year’s  purchafe  very  nearly. 

From  the  fame  method  of  proceeding, 
may  the  difference  between  the  value  of 
an  annuity  payable  in  money,  and  the  va¬ 
lue  of  an  eftate  in  land,  where  the  pur- 
chafer  enjoys  it,  by  an  adtual  poffeffion, 
to  the  laft  moments  of  life,  be  determi¬ 
ned  ;  for,  fince  it  is  an  equal  chance  whe¬ 
ther  the  life  on  which  the  eftate  laft  de¬ 
pends,  drops  in  the  former  or  latter  half 
of  the  year,  the  purchafer  may  be  fuppo- 
fed,  in  this  cafe,  to  enjoy  an  annuity  half 
a  year  longer,  than  he  who  is  paid  in  mo¬ 
ney  yearly,  and  intirely  lofes  the  laft  pay¬ 
ment,  if  he  dies  but  one  day  before  it  be¬ 
comes  due ;  and  therefore  the  prefent  va¬ 
lue  of  this  confideration,  by  the  laft  Prob. 

will  be  -jr—  x  —5  whence  it  appears,  that 

if  from  the  perpetuity  you  fubtradt  the  va¬ 
lue  of  an  annuity  payable  in  money,  and 
divide  the  remainder  by  double  the  perpe¬ 
tuity,  the  refult  will  be  the  parts  of  a 
year’s  purchafe,  expreffing  the  difference 
of  values  required. 


This 
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This  is  true,  when  the  value  of  the  e- 
ftate  is  to  be  eftimated  from  the  yearly 
rent  it  would  produce,  dr  When  the  pof- 
feffion  for  one  whole  year  is  exactly  equi¬ 
valent  to  i  L,  to  be  received  at  the  end  of 
that  year ;  but  if  the  eftate,  when  let,  will 

bring  in  ~  L  every  half  year,  then  there 

being  the  advantage  of  the  intereft  of  the 

I  ft,  3d,  5th,  &c.  payments,  for  half  a 

E— T-P 

year  each,  the  value  ^  >  above  found* 


p 

ought  to  be  idcreafed  by  — which  will 
bring  it  to  - - for  the  difference 


4  E* 


required  here,  which  in  moft  real  cafes 
will  be  e=e  y  of  a  year’s  purchafe  very  near* 

Hence  we  may  conclude,  that  if  to  the 
value  of  the  annuity,  as  found  in  the  ta¬ 
bles,  be  added  |of  a  year’s  purchafe, ' 
when  the  rents  are  to  be  paid  half-yearly. 
Or  A  of  a  year’s  purchafe  when  they  are 

to  be  paid  quarterly,  of  the  purchafe  is  in 
land ;  the  fum  will  give  the  value  of  the 
annuity  in  thofe  cafes  refpedtively. 


82  Of  A  Valuation  of 
PROBLEM  XXIII. 

There  is  an  eft  ate ,  which,  if  A,  the  prefent 
pofteftor ,  happens  to  die  in  a  given  time , 
or  before  he  attains  to  a  certain  age ,  A 
afterwards  to  belong  to  B,  heirs 

for  ever ;  the  value  of  B’j 

pe  Station. 

SOLUTION. 

The  expedition  of  B  may  be  considered 
in  two  parts,  one  with  regard  to  what  he 
may  receive  during  the  propofed  term,  and 
the  other  with  regard  to  what  he  may  re¬ 
ceive  after  that  term  is  expired ;  the  for¬ 
mer  of  which,  as  all  the  rents  that  become 
due  in  that  term,  will  belong  either  to  him 
or  A,  mud,  it  is  manifeft,  be  equal  to  the 
difference  between  the  value  of  an  an¬ 
nuity  certain  for  (n)  the  number  of  years 
in  the  faid  term,  and  the  value  of  ano¬ 
ther  equal  annuity  for  the  fame  number 
of  years,  as  depending  on  the  contingency 
of  A’s  continuing  alive  to  the  end  of  that 
time  ;  but  the  latter  part  of  B’s  expedition, 
fxnce  the  whole  eftate  is  to  belong  to  him 
and  his  heirs  for  ever,  if  A  Should  happen 
to  be  extinct  at  the  end  of  the  aforefaid 

term, 


Annuities  upon  Lives.  83 

term,  will  be  the  value  of  the  perpetuity 
to  be  received  n  years  hence,  multiply ’d 
by  the  probability  of  A’s  not  living  to  the 
end  of  that  time ;  wherefore,  if  this  pro¬ 
bability  be  denoted  by  P,  the  perpetuity 
by  E,  and  the  prefent  value  of  1  L,  due 

/  n 

71  years  hence,  by  m ,  and  r,  ay  <2,  ^ ,  G? c. 
be  fuppofed  as  in  the  preceding  proportions, 
it  is  evident  from  what  has  been  abovefaid, 
that  pm  E 


4- 


4.14.1  +  14.1-! — I  (3c. 

^  y  Z  yi  Y  4  y  5  y&} 


mu 


or,  pm  E  4-  - — - - 

*  *  r — 1 

/  //  V! 

mmmmm  & _ a  _f. _ 4  A? V 

y  yl  yi 

/  * 

will  be  the  total  value  of  B's  expectation  \ 
where  each  feries  is  to  be  continued  to  as 
many  terms,  as  there  are  units  in  n .  But 
as  the  finding  and  adding  together  thofe 
terms,  when  their  number  is  great,  may 
feem  to  require  tqo  much  labour  for  com¬ 
mon  practice,  I  have  deduced  the  follow¬ 
ing  rule  therefrom ;  which,  being  applica¬ 
ble  to  the  tables,  gives  the  true  anfvvet* 
without  any  great  trouble. 


M  £ 


RULE, 
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RULE. 

From  the  perpetuity  fubtrad  the  value 
of  a  life  of  that  age,  to  which  the  expec¬ 
tation  pf  B  is  limited,  and  multiply  the 
remainder  by  the  probability  that  A  lives 
to  that  age,  and  this  produd  again,  by  the 
prefent  value  of  1  L,  to  be  received  at  the 
end  of  the  given  term  $  to  this  laft  produd 
add  the  value  of  the  life  A,  in  poffeflion, 
and  take  the  fum  from  the  perpetuity,  and 
{here  will  remain  the  value  required. 

EXAMPLE, 

Let  the  age  of  A  be  8  years,  and  intereft 
at  5  per  cent,  and  let  B  be  intitled  to  an 
eftate  for  himfelf  and  heirs  for  ever,  upon 
the  deceafe  pf  4,  if  A  Ihpuid  happen  to  die 
before  he  attains  to  twenty-one ;  then  the 
value  of  a  life  of  twenty-one  will  be  12.9, 
which  taken  from  20,  the  perpetuity  leaves 

7-1,  this  raultiply’d  by  the  probability 

pf  a  perfon  of  the  age  of  8  living  to  21, 
gives  5.97,  which  multiply’d  by  Q.53,  the 
prefent  value  of  1  L  to  be  received  71  years 
hence,  will  be  3.16,  this  added  to  14.3, 
{he  value  of  the  life  A,  gives  17.46,  which 
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fum,  deducted  from  the  perpetuity,  leaves 
2.54,  for  the  value  of  B’s  expectation, 

which  is  little  more  than  2  --  year’s  pur- 

chafe. 


PROBLEM  XXIV. 

r 

expcBs  an  eflatc  for  himfelf  and  heirs 
for  ever ,  after  the  extinction  of  a  gi¬ 
ven  number  of  lives  A,  B,  C,  provided 
this  happens  in  a  given  number  (n)  of 
years  ;  to  find  at  how  much  the  value 
of  Q f  expectation  is  to  be  ejlimated . 


SOLUTION, 


Let  every  thing  be  as  in  the  preceding 
problem,  only  let  P  here  denote  the 
probability  that  all  the  lives  A,  B,  C,  &c„ 
drop  in  n  years;  then  by  following  the 
very  fame  method  of  reafqning,  there 
laid  down,  it  will  appear  that  pm  E 


_  _  _  /  i  / 

l  — aX  1  “b  X  l—c  | 


fju  1  — — — -  efc.  will  be  the  true  va- 

*  r* 

lue 
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lue  of  B’s  expeftation ;  where  the  feries  is 
to  be  continued  to  n  terms. 

Note,  the  foregoing  feries,  in  cafe  of  two 
or  three  lives,  might  be  referred  to  the  ta¬ 
bles,  as  that  in  the  laffc  Problem  was,  but 
the  Advantage  gained  thereby,  in  computa¬ 
tion,  would  not  be  fo  confiderable. 
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\ 

O  F 


SUCCESSIVE  LIVES. 

PROBLEM  XXV. 

'  f  *V  *  «K.  f~t  ’  '  ■  f  ->4  ' 


SUppoJing  A  to  enjoy  an  annuity  for  life* 
and  at  his  deceafe  to  have  the  nomi- 
nation  of  a  Succefi'or ,  who  is  likewife  to 
enjoy  the  annuity  for  his  life ;  to  find  the 
frejent  value  of  the  two  SucceJJive  Lives . 

SOLUTION. 

Let  the  value  of  the  life  A,  in  poffeffion, 
be  denoted  by  P ;  and  let  the  life  to  be 
put  in  nomination,  at  the  deceafe  of  A, 
be  fuch,  that  the  value  of  an  annuity 
granted  thereon,  may  be  equal  to  Qi_and 
let  D  be  the  required  value  of  the  two 
lives,  and  E  the  value  of  the  annuity  for 

ever. 
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/  // 

ever,  and  let  r,  a ,  ay  a ,  Gfc.  be  as  in  the  pre¬ 
ceding  propofitions.  Therefore,  fince  the 
probability  that  the  firft  life  fails,  or  that 
the  fecond  comes  into  poffeffion,  the  firft 
year  is  i  —a  and  as  the  total  value  of 
what  the  fecond  life  will  be  intitled  to  at 
the  happening  of  this  event,  is  Q^the 
expectation  on  the  fecond,  upon  the  con¬ 
tingency  of  coming  into  poffeffion  the 

firft  year,  will,  it  is  evident,  be  i — a  x 
Moreover,  becaufe  the  probability  that  the 
fecond  life  comes  into  poffeffion  the  fecond 

year  is  a-*~a,  the  expectation  on  the  whole 
value  of  the  annuity,  upon  the  probability 
of  entering  into  poffeffion  the  fecond  year,, 
(difcount  for  one  year  being  allow'd)  will  be 
7 

f  x  Q.  And  after  the  fame  manner  will 
the  expectations,  upon  the  3d,  4th,  5th, 


/  //  //  ///  ///  //// 

a — axQ^  a — aX  a — a  X 

n  >  "  )  - : — * 


years,  appear  to  be 

f  r  -  r  ■ 

&c.  relpeCtively ;  therefore  the  fum  of  all 


11 


m 


thefe,  or  Q_x  1  +  — | — -  — -  & c , 

r  r*  r4? 


/  //  ///  •  III! 

—  a  +  -f  +  i  +  £  4-  ~  &c.  muff 

lpe  equal  to  (D — P)  the  $refenty  totals  va¬ 
lue 
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!ue  of  the  fecond  life.  But  —  -f-  4  +  4* 

r  r  r 

&c.  is  the  value  of  the  life  A;  where- 

/ 

fore,  by  writing  P  inftead  of  ~  ■+■  &c. 

we  have  Q^x  i-f-P — Q_xrP=D — P,  and 

confequently  D  =  P  -+-  Qs~  r —  1  x  P 

P  o 

=  P+Q_^i-J 

whence  it  appears,  that 

Jf  from  the  fum  of  the  yalues  of  the  two 
Angle  lives  be  taken  their  product,  divided 
by  the  perpetuity,  the  remainder  will  be 
the  value  of  the  two  lives  in  fucceffion, 
QJS.  L 

* 

Otherwife, 

\ 

Since  the  value  of  the  fecond  life  in  fuc- 
ceflion,  to  be  received  at  the  deceafe  of  A, 
is  to  the  value  of  the  rcverlion  for  ever, 
to  be  received  at  the  fame  time,  in  the 
ratio  of  Q^to  E,  the  prefent  value  of  the 
former  of  thefe  will  be  to  the  prefent  va¬ 
lue  of  the  latter  in  the  fame  ratio  $  but  the 
prefent  yalue  of  the  latter,  or  of  the  re- 
verfion  for  ever  after  the  life  of  A,  is  given 
equal  to  E — P ;  therefore  the  prefent  va¬ 
lue  of  the  former,  will  be  equal  to 

.  p 

x  E-t—  P=Qx  1 — -g,  which  being  added 
to  P,  the  prefent  value  of  the  life  A,  give? 

N  £ 
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P+Q the  very  fame  as  was  before 
determined. 

EXAMPLE. 

,  “■ '  * 

4  v  -  •  -  ^ 

Let  the  prefent  value  of  the  life  A,  in 
pofleffion,  be  equal  to  11.2  years  pur- 
chafe,  and  let  the  life  put  in  nomination 
at  the  deceafe  of  A,  be  worth  16.3  years 
purchafe,  and  the  value  of  an  annuity  for 
ever,  equal  to  25  years  purchafe  5  then  the 
•fum  of  the  values  of  the  two  lives  will  be 
27.5,  and  their  product  182.56  this  laft 
divided  by  25,  the  value  of  the  perpetuity, 
gives  7.3,  which  being  fubtracled  from 
27.5,  there  will  remain  20.2,  for  the  va¬ 
lue  of  the  two  Succeffive  Lives* 


PROBLEM  XXVI. 

Three  lives  A,  B,  C,  being  given  in  fuc- 
cejjion  ;  to  f  nd  their  prefent  value . 

SOLUTION, 

•  Let  the  values  of.  the  three  lives,  confi- 

dered  as  independent  of  each  other,  be  re- 
7  fpedhvely 
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fpe&ively  denoted  by  P,  Q^R,  and  let  E 
be  the  value  of  an  annuity  for  ever.  There¬ 
fore,  fince  the  prefent  value  of  the  two  firfl 

lives  in  fucceffion  (A  and  B)  is,  by  the  laft 

p  o 

Problem,  equal  to  P-f-  Q^- — the  value 

of  the  reverfion  of  the  annuity  for  ever, 
after  thefe  two  lives,  will  be  E  — P — Q 


-f-  — and  therefore,  from  the  fame  me- 

Ji 

thod  of  reafoning  as  in  the  preceding  Pro¬ 
blem,  it  will  be  as  E  :  R  :  :  E — P  —  Q 


T- 


PQ. 


to  R 


PR-Rq, 


4- 


PQR 
EE  5 


or 


R  x  x  —  yxi  — |K  the  Pre^ent  value  of 
the  third  life  ;  this  therefore  added  to 

the  value  of  the  two  firftj 


„  ,  ^  „  PQ_PR_QR  ,  PQR 

gives  P-{-QJ-R - e - b  He 

.  p 

=  E  into  1  —  1  —  xi  — 


x  1 


R 


for  the  required  value  of  the  three  fuc- 
ceffive  lives  5  from  whence  the  value  of 
any  number  of  lives  in  fucceffion,  may 
be  derived  by  infpedtion  ;  and  thence  the 
following  general  Rule. 

Multiply  the  value  of  each  of  the  pro- 
pofed  lives  by  the  intereft  of  i  L  for  one 
year,  taking  the  feveral  produdts  from 
unity,  and  multiplying  together  all  the 
remainders,  let  the  product  thus  arifing  be 

N  2  alfa 
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aifo  taken  from  unity,  and  the  remainder 
inultiply’d  into  the  value  of  the  annuity 
for  ever;  then  will  the  refult  be  the  va¬ 
lue  of  an  annuity  for  all  the  fucceffiv© 
lives* 

i 

EXAMPLE. 

Let  there,  be  three  lives  given  in  fuC- 
fceflion,  whofe  Values  feparately  confider’d, 
are  refpedtively  equal  to  8,  iOjand  15  years 
purchafe,  and  let  intereft  be  at  4  per  cent. 
then  the  feveral  given  values,  multiply'd  by 
0.04*  will  be  0.32,  0*43  and  0.6  ;  thefe  fe- 
verally  fubtra&ed  from  unity,  leave  0.68, 
0.6,  and  0.4,  whofe  product  Q.1632  being 
taken  from  unity,  there  will  remain  0.8368, 
and  this  multiply’d  by  25,  the  perpetuity, 
gives  20.92  for  the  prefent  value  of  the 
three  lives. 

PROBLEM  XXVIL 

Supposing  A  to  purchafe  an  efiate ,  in  copy - 
hold ,  upon  any  number  of  lives  P, 

R,  S,  for  the  fum  b,  on  condition  that 
he  and  his  heirs  Jhatt  renew  it  conti - 
nually ,  whenever  any  life  becomes  vacant , 
for  the  fum  c  ;  to  find,  the  prefent  value 
of  the  whole  purchafe  allow'd  for  that 
efiate .  * 


S  O- 
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SOLUTION. 

Let  the  values  of  the  lives  P ,  Q.JR-,  &£• 
upon  which  the  leafe  is  firft  granted,  be 
b  g.  r,  &c.  and  e  the  perpetuity,  and  let 

the  values  of  the  lives  (P,  P,  P>  which 
follow  in  a  direct  fucceflion  from  P*  be  de¬ 
noted  by  p ,  p ,  py  &c,  and  thole  of  the 

lives  followinS  in  a  direa 

fucceflion  from  Q^by  g>  g,  g , 
fpedively)  and  fo  on,  with  regard  to  the 

reft  of  the  lives  R,  S,  T  5  then  it  will  be 

.  »  „ 

as  /  :  c  :  :  p  x  i  —  /»  the  prefent  value  of 

the  life  P  (by  Prob.  XXV.)  torxi-7 

the  prefent  value  of  the  lum  (c)  to  be  paid 
at  the  deceafe  of  P,  or  the  nomination  of 

,  11  II  f 

the  new  life  P  >  and  as  p  :  c  :  :  p  x  1 1  € 

7 

*  i  —  the  prefent  value  of  the  life 

-  r 

1t>  (by  Prob.  XXVI.)  torxi  — -7  x  I — -7 

the  prefent  value  of  the  fum  ( c )  to  be  paid 

Upon  the  deceafe  of  P,  or  the  nomination 

®f  P,  the  next  life  in  this  fucceflion :  And  in 
’  the 

2 
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the  fame  manner  will  the  prefent  values  of 
the  fums  to  be  paid  at  the  nomination  of 

IH  lift  r* 

ine  lives  P,  P,  be  found  c  x  i  — 

7  J  e 

x  i  — —  xi  —  —  and  c  x  i — —  x  i  —  — 

*  * 5  *  * 

If  '  7 IT 

x  1 — 7~  x  1  —  ">  But  the  fum  of 

all  thefe,  or  c  x  i  —  -+fx  i —  — 

x  I - ~  -f-  c  x  i -  t.  x  i  - A  x  I -  — , 

*  £  £  £ 

©r.  continued  z/z  infinitum ,  is  the  prefent 
value  of  all  the  fums  that  may  be  paid 
from  time  to  time,  for  the  renewals  of  all 
the  lives  in  this  fucceffion  ;  and  from  the 
fame  way  of  reafoning,  the  prefent  value 
of  all  the  fums,  that  may  be  paid  for  the 
renewals  of  all  the  lives  in  the  fucceffions 

f  n  in  i  u  m 

Gfc.  R,  R,  fv,  &c .  &c.  will 

• -  - -  / 

appear  to  be  c  x  i  —  -L  -\-c  x  i — x  i  — -7- 

^  €6 

-  /  ft 

-he  x  i- - -  xi - x  i - q- ,  ©V.  and 

£  e  e  5 

- -  - -  /  --- 

c  x  i — — -f-r  x  i — —  x  i - --Hr  x  i — — 

e  e  e  c 

-  - 

xi  - -  x  1 - &c.  &c.  refpedlively, 

There- 
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Therefore,  if  to  the  fum  of  all  thefe,  the 
value  b ,  paid  at  entring  be  added,  the  ag- 

_  _  t 

gregate,  b-\-c  x  1  —  - — hi  —  ~  *  1  — ~- 

o  J  e  £  c 


4-  I  —  -7  x  I  —  --  XI 


1/ 


—  ,  &C*  ~h 


1 

X 

JL  +  i 

e 

- q-  X  I 

e 

/ 

11  * 

q 

XI - - 

e 

XI  — 

-  ©v. 

e  * 

/ 

r 

~h  I 

■XI  — 

-  -  +1 
e 

1_ 

£ 


X 

e 


r 

e 


X  I 


/ 

r 


// 

x  x _ gV.  gV.  will,  it  is  evident,  be  the 

e 

prefent  total  value  of  all  that  A  and  his 
heirs  may  pay  for  the  enjoyment  of  the 
eftate  for  ever.  Q^E.  I. 


COROLLARY  I. 


✓ 

Hence,  if  the  lives  with  which  the 
leafe  is  filled  up  from  time  to  time, 

be  equal  to  one  another,  the  general  ex- 

— 

preffion  will  become  b  c  x,i  - 


A  a 


f\ 


1+1-7  ■+" 1 — >7  7’ 
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— 1  ■  ■ — -  *\ 1  7*  a 

4-c x  i — -- x  i  4-  i  —  ,  ©V, 

r  *  * 

which  therefore,  becaufe  i  -+-  i  - 

_  e 

> 1  ?>3  “  ?!♦ 

>4- 1  - — ?-  -+- 1  — A  1  — A  ,  &c.  is  c.- 

r  *  e 

qual  to  ^y3  will  become  b  4-  ~  x  e—p 

_ £  t 

— ry  &c. 


COROLLARY  II. 

But  if  all  the  lives,  as  well  thofe  upon 
which  the  leafe  is  firft  granted,  as  thole 
put  into  nomination  afterwards,  be  equal  to 
each  other,  the  value  allowed  for  the  whole 

purchafc  will  be  b  4- 


COROLLARY  III. 


Laftly,  if  b+c  x  i — —4-  i —  t-  x  i  — A, 

c  0  f 


tSc.  +fx  i —  A  4-1  —  A  x  i  — A  Qfc. 

e  t  i  7 

©V.  be  taken  =  e>  we  fhali  hare  c  =e 
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e — b 


e 


i—  Aq.!_A  x  I— . L -+1-7X  i- 

&c.  (hewing  the  true  value  that  A  and  his 
heirs  ought  in  juftice  to  pay  at  each  re¬ 
newal  5  which  value,  when  the  lives  re¬ 
new’d  with  are  all  equal,  will  therefore  be 


_ e — b  xp _ 

e  — p  \-e  —  r  s,  &c". 

The  above  Corollaries,  expreffed  in 
words  at  length,  afford  the  following  prac¬ 
tical  Rules. 


I.  Subtract  the  fum  of  the  values  of  all 
the  lives,  upon  which  the  leafe  is  firfl  grant¬ 
ed,  from  the  perpetuity  multiply’d  by  the 
number  of  thofe  lives,  and  divide  the 
remainder  by  the  value  of  one  of  the  equal 
lives,  with  which  the  leafe  is  from  time  to 
time  to  be  renewed,  and  multiply  the  quo¬ 
tient  by  the  fum  agreed  upon  to  be  paid 
for  renewing,  and  the  product  will  be  the 
prefent  value  of  all  the  fums  that  may  be 
paid  for  all  the  renewals  for  ever ;  which 
added  to  the  value  paid  at  hrft  entring  will 
give  the  total  value  of  the  purchafe. 

II.  Multiply  the  rent  of  one  year  by  the 
prefent  value  of  all  the  fums  that  may  be 
paid  for  renewals  (found  as  above)  and  di¬ 
vide  the  product  by  the  perpetuity,  and 
the  quotient  will  be  the  fum  by  which  the 

O  ■  rent- 
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rent-roll  of  the  firft  proprietor’s  eftate, 
ought  to  be  increafed  upon  account  of  fuch 
renewals. 

III.  Take  the  difference  between  the 
value  paid  upon  firft  entering,  and  the  per¬ 
petuity,  and  multiply  it  by  the  value  of  one 
of  the  equal  lives,  with  which  the  leafe 
is  to  be  conftantly  renewed,  divide  the 
product  by  the  excels  of  the  re&angle  of  the 
perpetuity  into  the  given  number  of  lives, 
above  the  fum  of  the  values  of  all  thofe 
lives,  and  the  quotient  will  be  the  fum, 
which,  in  juftice,  ought  to  be  conftantly 
paid  for  renewing. 

EXAMPLE. 

Let  the  propofed  eftate  be  ioo  /.  per 
annum ,  and  the  number  of  lives  upon  which 
the  leafe  is  granted  be  3,  and  let  their  va¬ 
lues,  feparately  confider’d,  be  worth  10, 
12,  and  15  years  purchafej  let  the  fum 
paid  upon  entring  be  1600/.  and  that  for 
renewing  4.00I,  and  intereft  at  4  pen  cent, 
and  fuppofe  the  purchafer  to  have  the  li¬ 
berty  of  renewing  with  lives  of  what  ages 
he  fhall  think  proper,  or  moft  to  his  own 
advantage. 

Then  the  fum  of  the  values  of  the  three 
lives  will  be  37  years  purchafe,  which  ta¬ 
ken  from  7  c,  three  times  the  perpetuity, 
7  leaves 
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leaves  38  years  purchafe ;  but  the  greatefl 
value  of  an  annuity  for  one  fingle  life  (at 
4  per  cent .)  is,  by  the  table  16.4;  where¬ 
fore,  dividing  38  by  16.4,  we  have  2.317, 
which  multiply ’d  by  4,  the  number  of 
years  purchafe  paid  for  each  renewal,  gives 
9.268  years  purchafe,  or  926/.  i6j.  for  the 
prefen t  value  of  all  the  fums  that  may  be 
paid  from  time  to  time  for  renewing ; 
therefore  2^26/.  \6s.  is  the  whole  value 
of  the  purchafe ;  from  whence  it  will  be 
found  that  the  him  by  which  the  rent- 
roll  of  the  eftate  of  the  firft  proprietor, 
ought  to  be  increafed  upon  account  of 
thole  renewals,  is  37/.  is.  and  that  388/.  6s. 
is  the  fum  that  ought  to  be  paid,  in  juflice, 
at  each  renewal. 
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O  F 


REVERSIONS, 

WHERE  THE 

Expectation  depends  upon  the  Pro¬ 
bability  of  one  particular  Life,  in 
poffeffion,  furviving  the  reft, 

LEMMA  II. 

T  HE  ages  of  two  perfons  A  and  B 
being  given ;  to  determine  from  the 
table  of  Objervations,  the  probability  which 
each  of  them  has  to  furvive  the  other . 

Let  Q JO  reprefent  the  whole  extent  of 

life,  continued  from  the  inftant  of  birth  at 

to  the  extremity  of  old  age  at  O,  and  let 

QA,  and  QJB,  be  the  given  ages  of  AandB, 

/  / 

and  Q^A  and  QJ3  any  other  two  corre- 
fponding  ages  to  which  they  have  a  chance 

of 
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of  attaining ;  and  let  P  b  a  O  be  a  curve, 

whofe  ordinates  B  b,  B  b,  A  a,  &c.  repre- 
fent  the  numbers  of  perfons  anfvvering,  in 
the  table  of  obfervations,  to  thofe  ages  $ 

fuppofe  c  q  as  near  as  poffible  to  B  b ,  and 
/  / 

A  m  equal  to  B  c ,  and  q  2  parallel  to  Q^O : 

put  Aa=ay  A a=a,  B b—b%  bz—by  and 
/ 

qz=Am=:x  ;  and  fuppofe  A,  if  he  be  the 
liirvivor,  to  receive  the  fum  S.  Then  will 
the  probability  of  his  receiving  that  fum,  du¬ 
ring  the  interval  Am ,  be  compounded  of 
the  probability  of  his  attaining  to  the  age 

CLA,  and  that  of  B’s  dying  in  the  corre- 


fponding  interval  Be,  of  which,  the  former 
/ 

a  ‘  b 

being  — ,  and  the  latter  -7-,  the  com¬ 


pound  of  both  muft  confequently  be  -~v 

Let  this  value,  therefore,  be  defined  (every 

/  / 

where)  by  an  area  AmnY  Ay  fuppofing 
EF«0  to  be  a  curve,  whofe  whole  area 
AOEA  expreffes  the  probability  that  A 
receives  the  fum  S  fome  time  during  the 
whole  interval  A  O;  then  by  dividing 

by  x  (=A  m)  we  (hall  have  A  F 

ab 

—  — 7  for  the  general  equation  of  this 
ab  x 


curve  -y 
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curve ;  from  which,  by  a  known  method 
for  approximating  the  areas  of  curves,  by 
means  of  equidiftant  ordinates,  may  the 
area  AOEA  be  determined  ;  which  area, 
as  it  expreffes  the  probability  that  A  lives 
to  receive  the  fum  S,  muft  alfo  exprefs  the 
probability  that  he  out-lives  B.  Suppofe, 
for  inftance,  the  age  of  A  to  be  40  years, 
and  that  of  B  30  years,  and  fuppofe  the 
interval  A  O  (which  may,  with  all  the 
exadlnefs  here  requifite,  be  confined  to  50 
years)  to  be  divided  into  5  equal  parts  at  the 

points  A,  g9  h ,  i  \  then  will  the  fucceffive 

values  of  #,  anfwering  to  thefe  feveral  ages 

QA,  QA,  Qjr,  Q h,  &c.  according 
to  the  table,  be  found  294,  204,  130, 
&c.  and  the  decrements  of  life,  againft 
(30,  40,  50,  60,  70,  and  80  years)  the 
correfponding  ages  of  B,  equal  to  9,  10, 
8,  7,  5,  and  3  refpe&ively ;  therefore  it 

1 

will  be,  as  1  year,  to  the  time  (B^)  x  :  : 

fo  is  9,  10,  8,  or  7,  &c,  the  decrement 

«  »  •  • ' 

in  one  year,  to  qx,  iox,  8x,  or  7  xy  &c. 

the  decrement  in  the  time  x  very  near  ; 
which  values,  therefore,  with  thofe  above, 

being  fucceffive ly  wrote  for  b  and  a ,  in  the 

ab 

general  expreffion  - — ,  the  ordinates  A  E, 

x  ab 

AF 
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/ 

A  F,  g  G,  &c.  will,  in  this  cafe,  come  out 
294  ^  9  204  x  10  130X  8  69x7  29x5 

294x385’  294x385’  294x385’  294  X  385’  294  X  385’ 

and  refpe&ivcly :  therefore  the  va¬ 

lue  of  the  mean  ordinate  will  here  be 

=  0.008905,  which  multi- 

plied  by  AO  =  50,  gives  0.44525  for  the 
required  probability  of  A  furviving  B  5 
whence  the  probability  of  the  contrary, 
that  B  furvives  A,  will  be  1-^0.44525  = 

°*55475- 


Note .  That  a  mean,  from  a  given  num¬ 
ber  of  ordinates,  may  be  had  by  the  fol¬ 
lowing  theorems,  where  a ,  b ,  r,  &c.  de¬ 
note  the  given  ordinates  ranged  according 
to  order,  and  m  is  the  mean  ordinate  eor- 
refponding. 


3,1+4 ■*  +  '  —  „  4.l+l±+lf±f 

J  6  ~  8 


7  a  4-  32  £  4“  i2f-p32</+7g 

90  ' 


m 


6  +  !>°f+  $°^+75g+  *9/ 
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m 


7' 


41  ja4"2i6^4,,27f4*272^~b27g~b2I6/4"4Iir 

840 


ni 
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PROBLEM  XXVIII. 

A  and  B  are  in  joint  pofi'ejfion  oj  an  an¬ 
nuity  ;  which,  if  A  he  the  longer  liver, 
is,  ajter  both  lives  are  extintt,  to  belong 
to  C  and  his  heirs  for  ever  :  fo  find  the 
prefent  value  of  the  expectation  of  C,  on 
that  annuity. 

SOLUTION. 

.  * 

From  the  value  of  the  annuity  for  ever, 
fubtradl  the  value  of  the  two  lives  in  pof- 
feflion,  and  multiply  the  remainder  by  the 
probability  of  A  furviving  B  (found  by  the 
preceding  Lemma)  and  the  produdt  will  be 
the  value  required. 

For  lince  the  value  of  the  reverfion 
which  C  and  his  heirs  expedt,  did  it  not 
depend  on  A’s  furviving  B,  would  be  the 
excefs  of  the  value  of  the  annuity  for  ever , 
above  the  value  of  the  two  lives  A  and  B, 
that  excefs  multiply’d  by  the  probability  of 
A  furviving,  mull;  confequently  be  the  true 
value  of  the  reverfion,  allowing  for  that 
contingency. 


EX- 
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EXAMPLE* 

Let  the  age  of  A  be  40,  that  of  B  30, 
arid  interef!:  of  money  at  4  per  cent .  then 
the  value  of  the  two  lives  A  and  B  will  be 
1 5. 8  years  purchafe  (by  Cafe  II.  Prob.  X.) 
which  taken  from  25  years  purchafe,  the 
value  of  the  annuity  for  ever,  there  will 
remain  9.2,  and  this  multiply’d  by  0.445, 
the  probability  of  A  furviving  B,  gives  4. 1 
for  the  number  of  years  purchafe  re¬ 
quired. 

PROBLEM  XXIX. 

sphere  are  three  per fons  A,  B,  C,  the  two  for¬ 
mer  op  whom  A,  B,  enjoy  an  annuity  between 
thcmy  which  annuity ,  if  A  Jurvives  B, 
is  afterwards  to  belong  equally  to  A  and  C, 
during  their  joint  continuance ,  and  then 
intire ly  to  C  for  life ,  if  he  be  the  Lift 

furvivor ;  to  find  the  value  of  Cs  ex¬ 

pectation  on  that  annuity . 

SOLUTION. 

Take  the  excels  of  the  value  of  the  three 

lives  A,  B,  C,  above  the  value  of  the  two 

lives  A,  B,  and  alfo  the  excels  oi  the  va- 

p  lue 
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lue  of  the  two  joint  lives  A,  C,  above  that 
of  the  three  joint  lives  A,  B,  C ;  multiply 
the  former  of  them  by  the  probability  that 
A  furvives  B,  and  to  the  product  add  half 
the  latter,  and  the  fum  thus  arifing  will  be 
the  true  value  of  C’s  expectation. 

For  fince  the  firft  of  the  abovemention’d 
excefles  would  be  the  prefent  value  of  all 
the  rents  that  C  might  receive  after  the 
deceafe  of  A  and  B,  was  not  that  value  to 
depend  on  A’s  furviving  B,  the  true  value 
of  thofe  rents,  allowing  for  that  contin¬ 
gency,  muft  be  the  product  of  that  excefs, 
by  the  probability  of  A  furviving  B :  there¬ 
fore,  as  the  latter  of  thofe  exceffes  is  (by 
Prob.  V.)  double  the  value  of  all  the 
other  rents  that  he  may  receive,  during 
the  joint  continuance  of  himfelf  and  A,  the 
folution  is  manifeft. 

LEMMA  III. 

The  ages  of  any  number  of  perfons  R,  A,  B, 
C,  D,  &c.  being  given  ;  to  find  the  pro¬ 
bability  that  any  me  of  them ,  pitch'd  upon , 
as  R,  fall  furvive  the  refi. 

Let  Q^O  reprefent  the  whole  term  of 
life,  continued  from  the  time  of  birth  at 
to  the  extremity  of  old  age  at  O  ;  and 
let  QJR,  Q^A,  CLB,  Q_C,  &c.  be  the 
given  ages  of  R,  A,  B,  C,  &c,  refpe&ive- 
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ly,  and  QJK,  Q^A,  QJ3,  Q^C,  &c*  any 
other  contemporary  ages  to  which  thofe 
perfons  have  a  chance  of  living  ;  let  PSO 
be  a  curve  whole  ordinates  C  c,  R  S,  B  \ 
&c.  every  where  exprefs  the  numbers  of 
perfons,  in  the  table  of  obfervations,  an- 
Iwering  to  the  correfponding  ages  Q^C, 
QR,  Q.B,  &c .  let  kp  be  as  near  as  can 

1  '  /  /  .  /  / 

be  to  A  a,  and  A  k,  B  z,  R ;/?,  C sfc. 

all  equal  to  one  another,  and  let  p  2,  <73, 
and  t  &c.  be  parallel  to  Q^O.  Put  RS 
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III  •  III 

:=r,  R  r=r,  R  m=x,  Aa=ay  A  a —a, 

i  iiii 

a2=ay  Bb  —  b,  B b=zby  h  2  =  b,  Cc=cy 


tiii 

C  c  =  cy  c  5  =c,  &c.  and  let  R,  in  cafe  he 
be  the  laft  furvivor,  be  in  titled  to  receive 
the  fum  S  3  then  will  the  probability  of  his 

1 

receiving  that  fum,  in  the  interval  R  m , 
depend  upon  thefe  events  3  firft,  that  he 

attains  to  the  age  QJl  3  fecondly^  that 
only  one  of  the  other  perfons  fhall  then 
remain  alive  3  and  laftly,  that  this  perfon 
fhall  a!fo  go  out  of  being,  during  that  in¬ 
terval  3  wherefore,  fince  the  probability  that 
all  the  lives, except  R  and  A,  are  extindt  before 


that  time  is  ~ x  - — -  x  ,  &c.  and 

b  c  d 

that  of  A  dying  in  the  faid  interval,  equal 
to  — ,  it  is  maniftft  that  —  x  --  x  x 

a  J  r  a  b 

1  ;  i  ■ 

/  ; 

SfZL  x  &c.  will  be  that  part  of  the 

probability  of  R’s  receiving  the  fu.m  S,  in 
the  forefaid  interval,  which  depends  upon 
the  chance  of  A’s  being  the  laft  furvivor, 
except  R  3  and  for  the  like  reafons  it  will 
appear,  that  the  other  parts  of  that  pro¬ 
bability,  depending  upon  the  chance  of 
B,  C,  D,  &c.  being  the  laft  furvivor  but 


R,  will  be  A  x 

2  r 


b 

b 


d—d 


,0c. 


and 


a 


X 


c 


X 
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,  r  c  a— a  b—b  d—d  cfi  r# 

and  7-  x  -7  x  —  ^  T"  * 

refpedhvely  ;  therefore  the  fum  of  all  theie, 


or  its  equal  p  x  -—7  -+• 

a — a  h — b 


c  , 

7-1 - 1  ■+• 


c — c 


t* 

d—d 


a-a  l-b  c'-c* 
-  X  - — v—  X 


b 


&c,  by  putting  p  =  ~  x 

(§c.  will  be  the  whole  probability .  of  re¬ 
ceiving  the  faid  fum  during  that  interval. 
Let  this  probability  be,  every  where,  re¬ 
presented  by  the  area  R^^FR,  fuppofing 
E  F  O  to  be  a  curve,  whofe  whole  area 
REOR  expreffes  the  probability  that  R 
receives  the  fum  S,  Sometime  during  the 
whole  interval  R  O,  or  Survives  all  the 
other  perfons  A,  B,  C ;  then  by  dividing 


p  x 
(  = 


a 


a — a 


__1 — — 7 -1 — —7 ”1  ~~f ,  &c.  by  x 


l — b  c — c  d — d 

1  p 

R  m)  we  Shall  have  R  F  =  —  x 

>  X 


a 


a — a 


_ I _ L  q - c—j  q - &c.  for  the 


b—b  c—c  d—d 

general  equation  of  this  curve;  from  which, 
by  the  method  and  theorems  laid  down  in 
Lemma  II.  the  area  REO R.,  and  confe— 
quently  the  probability  expreffed  thereby, 
fnay  be  determined. 


c  o- 
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COROLLARY. 


If  the  probability  of  life  be  confidered 
as  decreafing  uniformly,  then  will  PS  O 

become  a  right-line,  and  a — a ,  b — b ,  c — cy 

•  •  • 

&c.  as  alfo  a ,  by  cy  &c.  equal  to  each 

other ;  therefore,  by  putting  a — a=zy  a=zy 
and  n  the  whole  number  of  perfons  given, 
the  probability  of  receiving  the  fum  S  in 

the  interval  R  ?ny  will  be.  defined  by 


77b  cd,  &c\  x  rz  z — z  z  3  whofe  flu¬ 

ent  (after  proper  corredion)  will,  when 

x=ry  be  —  b  c  ld~  multiply’d  into  the  two 
following  fenes  ra*~~l  -\-ra*b  ri~~z — an~~z 

T-WM— — — I  i-.Liu  — ■  I  ■-  -- _ 


-f -rab  x  cn~~ 3 — bn~~^-\~rabc  x  dn~~^ 


ji- 


n 


&c.  —  — 


n 


n —  2  X  a  X  b  — 


n 


a 


n 


n- 


n  —  3  X  a  b  x  c 


n 


n 


ti¬ 


lt  —  4  X  ah  c  X  d 


n 


*  —  3 


«— 3 


&C.  where 


each  feries  is  to  be  continued  to  as  many 
terms,  as  will  exprefs  the  place  which  the 
perfon  propofed  obtains,  reckoning  accord¬ 
ing  to  feniority,  provided  that  perfon  be  not 

the 
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the  youngeft  of  all,  in  which  cafe,  one  term 
lefs  than  that  number  is  to  be  taken.  But 
the  fluent  thus  found,  is  the  required  pro¬ 
bability  of  furvivorfhip,  according  to  the 
above  hypothefis,  and,  with  a  little  cor¬ 
rection,  will  ferve  Efficiently  near  in  real 
cafes. 


PROBLEM  XXX.  . 

To  determine  the  value  of  a  reverfon  for 
ever ,  after  any  number  of  lives  A,  B,  C, 
&c.  upon  the  contingency  of  one  particu¬ 
lar  life  A  being  the  lafl  furvivor . 

SOLUTION. 

From  the  value  of  the  annuity  for  ever 
fubtraCt  the  value  of  all  the  given  lives,  and 
multiply  the  remainder  by  the  probability 
that  A  is  the  laft  furvivor  *  (found  by  the 
above  Lemma)  and  the  produft  will  be  the 
value  required  j  which  will  appear  manifeft 
from  the  reafons  already  laid  down  in  the 
two  preceding  problems. 


A 
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A  TABLE  j hewing  the  prefent  value 
of  one  pound ,  to  be  received  at  the  end 
of  any  number  of  years ,  not  exceeding 
90,  di [counting  at  the  rates  of  5,  4, 
3  per  cent,  compound  interejl. 


Kj  • 

Value 

Value 

Value 

n> 

Value  | 

Value 

Value 

•* 

it  i;  per 

at  4 

at  4  /><?/ 

at  5  per. 

at  4  per 

at  3  per 

-* 

:ent. 

tent. 

cent. 

cent. 

cent. 

cent. 

I 

.9524 

.9615 

•97°9 

21 

•3589 

.4388 

3 

•5375 

2 

.9070 

.9245 

.9426 

22 

.3418 

.4219 

•52I9 

3 

.8638 

.8890 

.9151 

2  3 

•3255 

.4057 

.5067 

4 

.8227 

.8548 

.8885 

24 

•3100 

.3901 

•49 1 9 

5 

•7835 

.8219 

.8626 

25 

•2953 

•3757 

.4776 

6 

.7462 

•7903 

•8375 

26 

.2812 

.3607 

•4637 

7 

.7107 

•7599 

.8131 

27 

.2678 

.3468 

.4502 

8 

,6768 

•7'30/ 

.7894 

28 

.2551 

•3335 

•4371 

9 

.6446 

.7026 

.7664 

29 

.2429 

.3206 

•4243 

10 

.6139 

.675b 

.7441 

3° 

•23'4 

•3o83 

.4120 

1 1 

•58+7 

.6496 

.7:224 

31 

.2204 

!  .2965 

.4000 

12 

.5568 

.6246 

•7OI4 

32 

.2099 

.2851 

•3883 

*3 

•53°3 

.6006 

.6809 

33 

.1999!  •2741 

•377° 

14 

.5051 

•'HIS 

.66ll 

34 

.1903 

i  .2020 

.3660 

15 

.4810 

•5553 

.6419 

35 

.1813 

!  -534 

•3554 

16 

.4.581 

•5339 

.6232 

36 

.1726 

j  -2437 

.  -345° 

17 

•4363 

•5*34 

.6050 

37 

.1(344 

-  *2343 

•335° 

18 

•4*55 

•493^ 

•5874 

•38 

.1566 

>]  -2253 

•3252- 

19 

•3957 

•474< 

'  -57°3 

39 

.1491 

.216c 

5 

2C 

•  376< 

•4564|  -5537 

4C 

.142c 

- 

>  .2083 

.3006 
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< 

Value 

Value 

Value 

ft 

Value 

Value  | 

Value  ; 

p 

at  ^jper 

at  4  per 

at  3  per 

P 

CA 

at  5  per 

at  4  per 

at  3  per 

cent . 

cent. 

cent. 

cent. 

cent. 

cent.  ; 

41 

• 1 35  3 

.2003 

•2977 

66 

- 

•0399 

.0751 

.1421 

42 

,1288 

.1926 

.2890 

67 

.0380 

.0722 

.1380 

43 

.1227 

.1852 

.2805 

68 

.0362 

.0695 

•1340 

44 

.1169 

.1780 

.2724 

69 

•0345 

.0668 

.1301 

45 

.1113 

.1712 

.2644 

70 

.0329 

.0642 

.1263 

46 

.1060 

.1646 

.2567 

7 1 

.0617 

.1226 

47 

.1010 

•1583 

•2493 

72 

.0298 

.0594 

.1190 

48 

.0961 

.1522 

.2420 

73 

.0284 

•°57I 

.1156 

49 

.0916 

•1463 

•2349 

74 

.027c 

.0549 

.1122 

50 

.0872 

.1407 

.2281 

75 

.0257 

.0528 

.1089 

5i 

.0830 

•1353 

.2215 

76 

.0245 

.0508 

00 

O 

HH 

• 

52 

.0791 

.1301 

.2150 

77 

•0233 

.0488 

.1027 

53 

•0753 

.1251 

.2087 

78 

.0222 

.0*469 

.O997 

54 

.0717 

.1203 

.2027 

79 

.0212 

.0451 

.0968 

55 

.0683 

.1156 

.1968 

80 

.0202 

.0434 

.0940 

56 

.0651 

.1112 

.19X0 

is  1 

.OI92 

.0417 

.0912 

57 

.0620 

.1069 

.i8rs 

*82 

.0182 

.0401 

.0886 

5^ 

•°59c 

.1028 

.1801 

83 

.OI74 

.0386 

.0860 

59 

.0562 

.OQ89 

.1748 

,84 

.01 60 

•°37  1 

.0835I 

60 

•0535 

X951 

.1697 

.85 

.0158 

•°357 

.08ll 

61 

.05 IC 

.0914 

.1648 

86 

.0151 

•0343 

.0787 

62 

.0485 

.0879 

.1600 

«7 

.0x43 

•033° 

.O764 

63 

.0462 

.0845 

• 1 5  5  3 

88 

.0136 

•°3*7 

.0742 

64 

.044c 

.0813 

.1508 

89 

.0130 

.0305 

.0720 

65 

.0419 

.0781 

'  .146490 

1 

.0124 

.0293 

O609 

.. 

Q_  A 
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A  TABLE  Jkewing  the  prefent  value 
of  an  annuity  of  one  found  for  any  num¬ 
ber  of  years ,  not  exceeding  90,  'when 
inter ejl  is  at  5,  and  3  per  cent. 


*< 

a 

p 

in 

• 

Value  j Value 
at  5  />*rat  4  per 
cent .  /*«/. 

1 

Value 
at  3  per 
cent. 

Value 
g  at  5 
*  I cent. 

Value 
at  4  pet 
cent. 

•  *  *  » 

Value 

at  3  per 
cent. _ 

1 

2 

3 

4 

5 

O.952 

*-«59 

2.723 

3-546 

4.329 

0.961 

1.886 

2.775 

3- 63c 

4- 452 

O.97I 

i-9*3 

2.829 

3-7*7 

4.580 

21 

22 

23 

24 

25 

12.821 

13.162 

13.488 

1 3-799 
14.094 

14.029 

14.451 

14.857 

I5-247 

15.622 

*5-415 

*5-939 

16.444 

16.936 

*7*4i3 

6 

7 

8 

9 

IC 

5.076 

5.786 

6.463 

7.108 

7*721 

5.242 

6.002 

6- 733 

7- 435 
8.  n  1 

5*497 

6.230 

7.020 

7.786 

8-53° 

26 

27 

28 

29 

3° 

14-375 

14.643 

14.898 

15.141 

*5*372 

15-983 

16.329 

16.663 

16.984 

17.292 

17.877 

*8.327 

18.764 

19.188 

19.600 

1 1 

12 

*3 

14 

*5 

8.306 

8.863 

9-393 

9.899 

10.38:. 

8.76c 

9-3-’5 

9.985 

10.56; 

1 1. 1 ib 

' 

9-^53 
9*954 
ro-635 
1 1.296 
1 1.938 

31 

32 

33 
;34 
i35 

15-593 

15-803 

16.002 

16.193 

16.374 

17.588 

■7-873 

18.148 
18.41 1 
18.665 

20.000 

20.389 

20.766 

21.132 

21.487 

16 

*7 

18 

*9 

20 

10  838 
1 1.274 
1 1.689 
12.085 
12.462 

n.652 
12. 1 65 
1  2.655 

1 3* 1 34 
1 3-5  9C 

1 2.56 1  !"5& 
I  3.  x  66-37 

>3-753i38 

H-32439 

14-^77,40 

16.547 
16.7 1] 
16.868 
17.017 

1 7  *  x59 

18.908 

19.142 

19.368 

19.584 

19-793 

21.832 

22.167 

22.492 

22.808 

23**5| 
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< 

CD 

P 

-i 

cn 

Value 
at  5 
cent. 

Value 
at  4  per 
cent. 

Value 
at  3  per 
cent. 

CD 

P  ■ 

•t 

• 

Value 
at  5 
cent. 

Value 
at  4  per 
cent. 

Value 
at  3  per 
cent. 

41 

42 

43 

44 

45 

17.294 

J7-423 

17.546 

1 7.663 
1 7-7  74] 

19-993 

20.186 

20.371 

20.549 

20.720 

23.412 

23.701 

23.982 

24.254 

24-5  r9 

66 

67 

68 

69 

70 

19.201 

29239 

1 9  • 2  7  5 
19.310 

*9-343 

23.122 

23.194 

23.263 

23-33° 

23-394 

28.595 

28.733 

28.867 

28.997 

29.223 

46 

47 

48 

49 
5° 

5 1 

52 

53 

54 

55 

17.880! 

17.981 

18.077 

18.169 

18.256 

20.885 

21.043 

21.195 

21.341 

21.482 

24- 775 
25.025 

25.267 

25.502 

25 - 7  3°, 

71 

72 

73 

74 

75 

19-374 

19.404 

I9-432 

19-459 

19.485 

23.456 

23.516 

23-573 

23.628 

23.680 

29.246 

29.365 

29.481 

29.593 

29.702 

18.339I 

18.4181 

18.493 

18.565 

18.633 

21.617 

21.747 

21.873 

21.993 

22.109 

25.95  i|76 
26.i66'77 
26.375178 

26.578.79 

26.774.80 

*9'5°9 

‘9-533 

‘9-555 

19.576 

19.596 

23-731 
23.78° 
23  827 
23.872 

23-925 

29.808 

29.9IO 

30.010 

30.108 

30.201 

56 

57 

58 

59 

60 

18.698 
18.760 
18.819 
18.876 
18  929 

22.220 

22.327 

22.430 

22.528 

22.623 

26.965:81 

27.i5i.82 

27-33Il^3 

27.506,84 

27. 676-85 

I9.6lS 

‘9-634 

I9.652 

I9.668 

I9.684 

23-957 

23- 997 
24036 

24- °73 
24.108 

30.292 

3°-38l 

30-467 

30-55° 

30.631 

61 

62 

63 

64 

65 

ji  8.980 
19.029 
19.075 

1 9 . 1 1 9 
19.161 

22.715 
22.803 
22.887 
22.968 
2  3. 046 

27.84O 

28.000 

28.I56 

28.306 

,28.453 

86 

187 

88 

89 

90 

19.699 

I9-7I3 

19727 

19.740 

29-752 

24-‘43 

24.I76 

24.207 

24.238 

24.267 

'30.71C 

30.786 

30.860 

30.932 

31.002 

Qj2  A 
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A  TABLE  foewing  the  difference  of 
'values  of  an  annuity  for  life ,  at  the 

rates  of  3  ^and\~  per  cent,  inter  eft. 


1 

Value  of 
an  Annuity 
at  4  per 
cent. 

Diff.  of 
values  at  4 
and  4  -  per 
cent. 

Diff.  of 
'values  at  4 
and  3  ^ 
cent . 

6 

0.2 

0.2 

7 

0.2 

0.2 

8 

0.3 

°-3  ' 

9 

O.4 

°-5 

IO 

°-5 

0.6 

I  I 

0.6 

°-7 

12 

°-7 

0.8 

13 

0.8 

O.9 

H 

O.9 

1.0 

15 

1.0 

1.2 

16 

1. 1 

i-3 

This  table  may  be  ufed  as  a  fupplement 
to  that  in  page  38,  &c .  thus  5  Suppofe  it 
were  required  to  find  the  value  of  a  life 

of  forty- four,  at  the  rate  of  4  —percent. 

intereft;  then  looking  in  tab.  I.  page  39, 
againfi:  44  years,  under  4  per  cent .  you  wnl 
find  iioO,  with  this  enter  the  firft  column 

of 
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of  the  laft  table,  and  againft  it,  in  the 
fecond  column,  you  will  have  0.6,  whick 
fubtradted  from  n.o,  leaves  10.4  for  the 
value  required. 

A  METHOD  for  investigating  the  va- 
lues  of  annuities  upon  lives ,  by  approxi¬ 
mation,  without  the  kelp  of  tables . 

'  * 

Becaufe  there  may  be  occafifln  fome- 
times  to  know  the  values  of  iives  com¬ 
puted  at  different  rates  of  intereft,  from 
any  exhibited  in  the  foregoing  tables,  and 
as  the  general  method  for  this  purpofe, 
laid  down  in  the  former  part  of  this  book, 
is  too  tedious  for  common  practice,  I  have 
endeavoured  to  remove  that  inconveniency 
by  help  of  fome  eafy  approximations.  To 
effect  this,  I  found  it  neceffary  to  confider 
the  values  of  lives  in  two  different  cafes, 
one  when  the  given  age  is  lefs  than  45 
years,  and  the  other  when  it  is  greater. 

RULE  I. 

*  1 

TSo  find  the  value  of  an  ajfgned  life ,  whofe 
age  is  not  lefs  than  45  years. 

Multiply  the  difference  between  the  given 
age  and  92  years,  by  the  intereft  of  1  /. 
for  one  year,  add  2.47  to  the  product,  and 

divide 
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divide  the  faid  difference  by  the  product  fo 
increafed,  then  the  quotient  will  be  the 
anfwer. 

Note.  This  rule  comes  fo  near  the  truth, 
that  the  error  for  the  general  part  does  not 

amount  to  — ,  and  fcarce  ever  to  —  of  a 

io’  IO 

year’s  purchafe. 

EXAMPLE  I. 

V 

Let  the  propofed  age  be  fifty  years,  and 
interefl  at  io  per  cent,  then  fubtra&ing  50 
from  92,  we  have  42,  which  multiply’d 
by  0.1,  the  interefl  of  1  /.  will  be  4.2,  and 
this  added  to  2.47,  gives  6.6 7;  by  which 
divide  42,  and  there  will  come  out  6.3 

for  the  value  required. 

*  \ 

EXAMPLE  II. 

Suppofe  the  given  age  to  be  55  years, 
and  interefl  at  4  per  cent .  Here  the  diffe¬ 
rence  between  the  given  age  and  92  years, 
will  be  37,  and  the  interefl  of  1  /.  equal 
to  0.04  \  with  which  proceed  as  in  the  lafl 
example,  and  the  required  value  will  be 
found  9.36  ;  but  if  the  rate  of  interefl  had 

been  4  —  per  cent,  the  value  then  had  been 

only  8.94  ;  the  like  of  any  other. 


I 
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I  would  willingly  have  given  a  rule  fimi- 
lar  to  the  foregoing,  for  the  other  cafe 
where  the  given  age  is  lefs  than  45,  but 
have  not  been  able  to  find  out  any  thing 
either  fo  general  or  fo  Ample,  as  that  ap¬ 
proximation  for  older  lives  ;  however,  if  the 
rate  of  intereft  be  not  lefs  than  3,  nor 
greater  than  1  o  per  cent .  nor  the  age  pro¬ 
pounded,  lefs  than  12  years,  the  value  of 
fuch  a  life  may  be  always  had  by  the 
following  rule,  to  a  degree  of  exaitnefs 
equal  to  the  former. 

RULE  II. 

To  find  the  value  of  any  afigned  life ,  whofe 
age  is  neither  lefs  than  12,  nor  greater 
than  45  years . 

Take  the  difference  between  the  given 
age  and  29  years,  alfo  between  the  fame 
age  and  100  years,  and  let  the  former  of 
thofe  differences  be  multiply’d  by  10  times 
the  intereft  of  1  /.  for  one  year,  and  the 
product  added  to,  or  fubtracfted  from  the 
latter,  according  as  the  given  age  is  greater 
or  lefs  than  29  years,  and  let  the  fum  or 
remainder  be  multiply’d  by  40,  and  the 
product  be  referved :  add  1 00  years  to  the 
given  age,  and  multiply  the  fum  by  22 
times  the  intereft  of  1 /.  for  one  year* 
add  100  to  the  product,  and  divide  the 

referved 
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referred  prodcd  by  this  fum,  and  the  quo¬ 
tient  will  be  the  value  required. 

EXAMPLE.. 

Let  it  be  propofed  to  find  the  value  of 
a  life  of  twenty,  computed  at  the  rate  of 
5  per  cent . 

Here  the  firfl:  mentioned  difference  will 
be  9,  and  the  other  8o,  and  therefore  the 
former  multiplv’d  by  0.5,  or  10  times  the 
intereft  of  1  /.  will  be  4.5,  which  fub- 
tra&ed  from  80,  leaves  75.5,  and  this  mul- 
tiply’d  by  40,  will  give  3020,  for  the  pro¬ 
duct  to  be  referved.  Moreover  the  given 
age,  increafed  by  100  years,  is  120,  which 
multiply^  by  1.1,  (=22  x  .05)  will  be 
132  ;  therefore  dividing  3020  by  232 
(=100-4-132)  we  have  13. 1  for  the  num¬ 
ber  of  years  purchafe  required. 

It  will  be  needlels  (I  prefiime)  to  offer 
any  thing  farther  by  way  of  example ; 
but,  for  the  reader’s  latisfadlion,  and  to  re¬ 
move  any  doubt  that  he  may  entertain  with 
regard  to  the  exa&nefs  of  the  above  me¬ 
thods  of  folution,  I  have  thought  proper  to 
add  the  fubfequent  table  ;  which  thews  the 
values  of  lives  to  every  10th  year  of  age, 
both  according  to  thole  methods,  and  atfo 
according  to  the  table  of  observations. 


k 
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<8 

• 

Value  at 
5  per  ct. 
by  the 
rules. 

Value 
at  5  per 
cent , 
accord, 
to  obf. 

Value  at 
4  per  ct . 
by  the 
rules. 

Value 
at  4  per 
cent. 
accord, 
to  obf. 

Value  at 
3  per  ct. 
by  the 
rules. 

Value 
at  3  per 
cent. 
accord, 
to  obf. 

20 

I3*°1 

I3.O 

14.86 

I4.8 

17.25 

I7.2 

3° 

1 1.60 

1 1.6 

u-1 

15.11 

15.0 

40 

I0.31 

10.3 

“•53 

11.5 

13-H 

13.2 

5° 

9.19 

9.2 

10.12 

10. 1 

I  1.26 

I  I.4 

60 

7.86 

7-9 

8-53 

8.4 

9-36 

9.2 

70 

6.13 

6.2 

6.56 

6.5 

7. 02 

6.9 

The  two  foregoing  rules  are  accommo¬ 
dated  to  the  fame  obfervations  as  the  preced¬ 
ing  tables,  as  the  beft,  undoubtedly,  for  the 
city  of  London ,  and  parts  adjacent ;  but  if 
any  one  be  defirous  of  an  approximation 
according  to  the  Brejlau  obfervations,  the 
following  rule,  in  any  cafe  where  the  pro- 
pofed  age  is  not  lefs  than  30  years,  nor  the 
rate  of  intereft  lefs  than  3,  nor  greater  than 
6  per  cent .  will  give  the  true  anfwer  very 
nearly.  The  rule  is  this, 

.  Multiply  the  difference  between  the  given 

age  and  87  years,  by  —  of  the  intereft  of 

1  /.  for  one  year,  and  add  1.9  to  the  pro- 
dud:,  and  divide  the  faid  difference  made 
lefs  by  2,  by  the  produd  fo  increafed,  and 
then  the  refult  will  be  the  value  required. 

R  Having 
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Having  now  {hewn  how  to  approximate 
the  values  of  Angle  lives,  it  remains  next  to 
lay  down  fomething  in  relation  to  annuities 
upon  two  or  three  lives. 

RULE  III. 

* To  find  the  value  ofi  two  lives  A  and  B. 

Multiply  the  value  of  the  youngeft  life 
A  by  the  intereft  of  i  /.  for  one  year,  and 
fubtrad  the  product,  and  alio  half  the  pro- 
dud,  each  from  unity,  dividing  the  laft  re¬ 
mainder  by  the  former  ;  multiply  the  value 
of  the  life  A  by  the  quotient  thus  arifing, 

and  divide  —  of  the  fquare  of  the  value  of 

the  old  eft  life  B,  by  this  produd,  then  the 
quotient,  added  to  the  value  of  the  life 
A,  will  give  the  required  value  of  the 
longeft  of  the  two  lives. 

EXAMPLE. 

Suppofe  the  value  of  the  youngeft  life  A 
equal  to  12  years  purchafe,  and  that  of  the 
oldeit  B,  equal  to  10  years  purchafe,  reckon¬ 
ing  intereft  of  money  at  4  per  cent .  then 
the  value  of  the  life  A  multiply’d  by  0.04, 
the  intereft  of  1  /.  for  one  year,  will  be 
0.48,  and  half  thereof  equal  to  0.24;  thefe 
feverally  taken  from  unity,  leave  0.52  and 
o~6}  the  former  of  which  divided  by  the 

latter, 
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latter,  gives  1.46,  and  this  multiply’d  by  the 
value  of  the  life  A,  will  be  17.52  ;  there¬ 
fore  by  dividing  of  the  fquare  of  the 

value  of  the  life  B,  by  17.52,  we  have 
2.3,  which  added  to  12,  gives  14.3  for  the 
v  value  required. 

RULE  IV. 

To  find  the  value  of  the  three  lives  A,  B,  C. 

Fir  ft,  find  the  excefs  of  the  value  of  the 
two  youngeft  lives  A,  B,  above  that  of 
the  youngeft  life  A,  by  Rule  III.  then 
divide  the  value  of  the  oldeft  life  C, 
by  the  value  of  the  life  B,  and  cube  the 
quotient,  and  multiply  that  cube  by  half 
the  faid  excefs  then  the  product  added  to 
the  value  of  the  two  lives  A  and  B,  will 
be  the  value  required. 

EXAMPLE, 

Let  the  value  of  the  life  A  be  fuppofed 
equal  to  12  years  purchafe,  that  of  B  equal 
to  10  years  purchafe,  and  that  of  C  equal 
to  8  years  purchafe,  and  intereft  at  4  per 
cent .  then  the  excefs  of  the  value  of  the 
two  lives  A,  B,  above  that  of  the  youngeft 
life  A  will  be  2.3  (by  Rule  Hi.)  moreover, 
the  value  of  the  life  C  being  divided  by 

R  2  that 
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that  of  B,  we  have  0.8,  the  cube  whereof 
is  0.512,  which  multiply’d  by  1.15,  half 
the  abovefaid  excefs,  gives  0.588,  or  0,6 
nearly,  and  this  added  to  14.3,  the  value 
of  the  two  lives  A,  B,  gives  14.9,  for 
the  value  of  all  the  three  lives. 

Note.  The  two  laft  rules  will  ferve  in¬ 
differently,  either  according  to  the  London ,  or 
according  to  the  Brejlau  obfervations,  the 

error,  in  either  cafe,  feldom  exceeding  — 

of  a  year’s  purchafe,  as  I  have  found  by 
many  repeated  trials. 

I  fhall  conclude  this  little  tradf  with  the 
Solution  of  the  following  Problem,  which 
tho’  it  relates  not  immediately  to  the  fubjedt 
of  annuities,  depends  neverthelefs  upon  the 
fame  principles. 

PROBLEM  XXXI, 

To  determine  from  a  table  of  obfervations  y 
and  the  bills  oj  mortality  of  any  place ,  the 

number  of  fouls  contained  in  that  place , 

**  » •  , 

SOLUTION. 

Let  A  O  reprefent  the  utmoft  extent  of 
life  continued  from  the  time  of  birth  at  A, 
to  the  extremity  of  old  age  at  O,-  and  let 
B  D  P  O  be  a  curve,  whofe  ordinates  C  D, 
QlP,  &c.  are,  every  where,  to  one  another. 
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as  the  number  of  perfons  (found  in  the  ta¬ 
ble)  that  arrive  to  the  correfponding  ages 
AC,  A  Q ,_JSc.  let  ab  be  taken  very  near, 
and  ’parallel  to  A  B,  and  q  p  at  the  fame 
diftance  from  Qj\  and  let  the  redangle  B  S 
reprefent  the  number  of  perfons  which  die 
in  the  propofed  place,  in  any  given  interval 
of  time  A  S,  as  found  from  the  bills  of  mor¬ 
tality  ;  then  will  the  number  of  perfons  that 


come  into,  or  go  out  of,  being  in  the  inter¬ 
val  A  a,  be  reprefented  by  the  rectangle  Ba ; 
and  confequently  the  number  of  all  the  liv¬ 
ing,  whofe  ages  are  comprized  in  this  in¬ 
terval,  by  the  area  B  A  &  ti  B,  or  the  lame 
redangle  B  a  very  near  :  Wherefore,  fince 
the  number  of  individuals,  whofe  ages  now 
take  up  A  a ,  will  in  the  time  A  Q__be 
reduced  in  the  ratio  of  A  B  to  P  O?  fo  as 
to  be  expounded  by  the  area  P  Q  y  f  P>  tbe 
number  of  all  the  living  at  the  end  of  that 
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time,  whofe  ages  are  then  included  between 
Q^and  q ,  will  be  reprefen  ted  by  the  area 
P  Q  qp  P  ;  fince  it  is  evident  that  the  ages 
of  all  who  come  into  being,  before  or  after 
thofe  now  included  between  A  and  ay  will 
then  be  either  greater  than  A  qy  or  lefs  than 
AQ^  Therefore  as  the  number  of  the  liv¬ 
ing,  at  all  equal  ages,  is  fuppofed  to  con¬ 
tinue  conftantly  the  fame,  and  as  the  above 
reafoning  holds  every  where  throughout  the 
whole  extent  of  life  A  O,  it  is  manifeft 
that  the  number  of  all  the  living,  at  any 
one  time,  will  be  expounded  by  the  whole 
curvilineal  area  AOPBA,  and  therefore 
will  be  to  the  number  of  perfons  dying,  in 
the  propofed  interval  of  time  AS,  as  that 
area  to  the  redangle  BS.  Q^E.  I. 

COROLLARY. 

Hence  if  the  whole  term  of  life  A  O  be 
divided  into  feveral  frnall  intervals  Aay  a 
bcy  &c.  fo  that  each  interval  may  repre- 
fent  one  whole  year,  and  ordinates  A  B, 
a  1,  b  2,  &c.  be  defcribed  at  the  points  of 
divifion,  and  the  firft  A  B  be  taken  1280, 
then  will  a  1,  b  2y  c  3,  &c.  according  to 
the  foregoing  table  of  obfervations,  taken 
from  the  bills  of  mortality  of  the  city  of 
London ,  be  870,  700,  635,  600,  &c.  re- 
fpedively ;  from  whence  the  area  A  B  O  A 
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a  k 


will  come  out  25500  very  near,  which 
area  is,  therefore,  to  the  rectangle  Ba,  as 
255°o  to  1280,  or  as  20  to  1  nearly; 
whence  it  appears  that  the  number  of  the 
living,  at  any  one  time,  born  within  the 
bills  of  mortality  of  this  city,  is  to  the 
number  of  births  happening  yearly  within 
the  fame  bills  (taken  at  a  medium)  as 
20  to  1,  very  near;  but  fince  the  number 
of  burials  happening  yearly,  always  exceeds 
the  number  of  births,  by  reafon  (as  has 
been  before  obferved)  of  the  continual 
afflux  of  people  from  all  parts  to  town, 
the  proportion  of  that  number  to  the  whole 
body  of  the  inhabitants,  will  be  confide- 
rably  different  from  the  proportion  above 
given ;  yet  may  be  nearly  eftimated  by 
comparing  together  the  number  of  burials 
and  chriftenings,  &c . 

And  (from  a  method  too  tedious  to  be 
inferted  here)  I  make  it  as  1  to  26  very 
near.  I  know  indeed  that  a  certain  author, 
confiderable  in  thefe  kind  of  difquifitions, 

give, 
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gives  the  proportion  very  different  from  that 
above,  viz.  as  i  to  35  ;  but  this,  I  appre¬ 
hend  could  only  be  owing  to  a  want  of 
obfervations  5  becaufe,  if  we  fuppofe  a9 
many  perfons  to  live,  at  any  one  time,  as 
die  in  35  years,  then  it  will  follow,  that 
the  expedition  or  {hare  of  life  due  to  each 
infant,  at  its  coming  into  the  world,  taken 
at  a  medium,  is  3  5  years ;  but  it  evidently 
appears  from  the  foregoing  table,  and  other 
undoubted  obfervations,  that  there  is  fcarce 
any  part  of  life  wherein  the  expedation  is 
fo  great  as  35  years,  much  lefs  in  the  very 
beginning  of  it,  attended  by  fo  many  ca- 
fualties  and  dangers. 
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